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Motivations

e Most of the heavy quarkonium resonances are in the
non-perturbative regime.

vin b
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r(fm)
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Motivations

e Most of the heavy quarkonium resonances are in the
non-perturbative regime.

v b
(GeV)

r(fm)

weak couplied / strong coupled

1
pNRQCD| PNRQCD

e Quantum Mechanics of a non-Abelian Field Theory .



MeV

Quarkonium Scales

Y (49) BB threshold
3S
| X(2P)
B Y(3770) DD threshold
B Y(29) v 9
- n.(25) X (1P) X{(1P) h(1P)
0 | C
| ) Jp
-500 |__ n. (19

S states

P states

Normalized with respect to x;(1P) and x.(1P)

The mass scale Is perturbative:
mpy ~ 5 GeV, m,. ~ 1.5 GeV

The system is non-relativistic:
A, E ~mv?, AL B ~ mo?
vi ~ 0.1, v ~ 0.3

The dynamical scales are:
r~1/mv, E~mv® o<l



mv —

mv?2-

Non-Relativistic EFT

QCD/QED

perturbative matching

perturbative matching
(short-range quarkonium)

| nonperturbative matching
(long-range quarkonium)

har d

perturbative matching

sof t
(relative noment um

ul trasoft

perturbative matching (bi ndi ng ener gy)

PNRQCD/ pNRQED

In QCD another scale is relevant: Aqcp



NRQCD



NRQCD

D? S.¢B D-, gE
L=vy"|iDy+ =— + cF 0 —I—CD[ 0 ]+ Y
2m m 8m?

+XT( )X
—I—Z WLKXX Ky+--

1 a 1a v
_ZF‘“’F + .

Caswell Lepage 86, Bodwin Braaten Lepage 95, Manohar 97



(A) NRQCD power counting

* Counting in ag(m):

Ca
cpzl——AOé—logm%—... cg =2cp — 1
2 m (4
2 8 Qg m
CD:1—|— —CA+—OF —log——l—
3 3 T 14

= 0(a) Im/ = O(O‘S)



(A) NRQCD power counting

*Counting in v:

1
3 Toly ~ 3.3
1)/dX¢¢_1:>|¢|2~( x)?’va
2) KD~ (mv)d (e.g. gE, gB ~ m?v?, D ~ mv)

3) Dy ~ mv?  (virial theorem)




(A) NRQCD power counting

*Counting in v:
1
Bxc ahtaly ~u 2 3,3
1)/dx¢w_1:>|¢| N(Am)?’va
2) KD~ (mv)d (e.g. gE, gB ~ m?v?, D ~ mv)
3) Dy ~ mv?  (virial theorem)

E.gQ.

2
S-wave decay up to O(mv°): ' ~ PO (1 + = x O

P-wave decay up to O(mv?): I' ~




(A) NRQCD power counting

*Counting in v:

1
S3xcahtaly ~ 3,3
1)/dX¢¢_1:>|¢|2~< x)gwmv
2) KD~ (mv)d (e.g. gE, gB ~ m?v?, D ~ mv)

3) Dy ~ mv?  (virial theorem)

[ ] The power counting is not unique.
E.g. in Lepage et al. 92 (“standard NRQCD power counting”):

gAy ~ mv?, gA ~ muv3, gE ~ m?v3, gB ~ m?v?.



(A) NRQCD power counting

*Counting in v:

1
3 Toly ~ 3.3
1)/dX¢¢_1:>|¢|2~< x)gwmv
2) KD~ (mv)d (e.g. gE, gB ~ m?v?, D ~ mv)

3) Dy ~ mv?  (virial theorem)

[ ] The power counting uses arguments rigorously suited only for

bound states in a non-relativistic quantum-mechanical context.



Lattice NRQCD

- .

***** e 5 i v
v, e o H %

T t N o + B;

t e

’l R O MeV
Lattice matching coefficients o ey, ”
are known at tree level no e T ”
* Radial splittings up to | Ty "
O(av?) ~ 0.2 x 0.1 ~ 2% u et
* Fine and hf splittingsupto m -«
O(ay) ~ 0.2 ~ 20%

HPQCD and UKQCD coll. 02, Davies 02
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Decay In the Singlet Modée

[ IR Q) D) ~ (-

(2m)°



Decay In the Singlet Modée

)= [ Gl 00Q09 Q") @) ~ (-

I'(xo— LH) =~ (H]2Im """  |H)




Decay In the Singlet Modée

= TE 55 0IQW)"Q(—k)™) DY (x) ~ (---)R(2)

(27)3
D(vo — LH) &~ (H]2Tm [ |H)
e tree level
(m+E,qQ) . 2 o 47T()4§SV5(I‘)SV
= 2Im - 3 4
| | g~mv<<m ™
(M+E,-q) 2
/
CFT(' 9 R(())
= (Hl..-|H) = -
N



Decay In the Singlet Modée

1) = [ Gt (0R00" Q") L) ~ ()

D(vo — LH) &~ (H]2Tm [ |H)

e One loop
2|m<zz: +> %(()&3 + ()b ;L,L) S . V5”(;)S .V

Barbieri et al. 76, 79, 80, 81



25+1
G A — O 1)
08(2S+1LJ)
I T =05("S)  YDxx"DY=0:("1)
O(1) O(v?)



Decay in NRQCD

I'(H — LH) = —21m<H‘H!H>

ZImf . .
—Z —— (H[PT Ko K™y | H)

&
(H|ypT K ™x|vac) (vac|x K’ "™y| H)

v

Bodwin et al. 95

f \




P-wave decays at O (muv°)

2

RO 21y
1
[y —LH) = 9Tm f; b+ 208 (0y('50)|)
2
R (0)
Cxs —y7) = 9Im f,, A J=0,2

* Octet and singlet contribute to the same order.
= The IR divergences of Im f; are absorbed into the

non-perturbative operator {x|Og(*Sy)|x).

Bodwin Braaten Lepage 92



P-wave decays at O (muv°)

2

RO 21y
1
[(vs —LH) = 9Im /i i + == (Os("5)[v)
2
R (0)
Cxs —y7) = 9Im f,, A J=0,2

* Bottomonium and charmonium (below threshold) P-wave decays de-

pend on 6 non-perturbative parameters [3 w.f. + 3 octet |.



S-wave decays at O(muv°)

I'(V(nS) — LH) = % <1m f1(381)(V]|01(°51)|V)

+Im f5(°S1)(P|Os (" S0)| P) + (P|Os(°S1)|P)

Im fg(ls())
3

+Im g (351)

m?2 3 m2

(PIPL('S0)IP) | 30,27 + Dim [s(*Py) <P|os<1P1>|P>>

D(P(nS) — LH) = — <1m f1(*S0)(P|O1(*S0)|P)

(P|0s(°S1)|P)

<P|08<1P1>|P>>

+Im fg(*S0)(P|O0s (" So)|P) +

Im f8(351)
3

(P|P1(*So)|P)

+Im g1 (*So) - +Im f3(*P1)
m

m?2

* Bottomonium and charmonium (below threshold) S-wave decays

depend on 30 non-perturbative parameters.



S-wave e.m. decays at O(muv”)

I'(V(nS) - ete™) = % (Im fee(S1){V|OEM(°S1)|V)

+Im Jee (351>

<P|7>1<1so>|P>>
m2

2

L(P(nS) = 1) = — (Im fr~ (1 S0)(P|OEM (" S0) | P)

+Im g~ (*So) <P|P1(1SO)|P>>

m2

* Bottomonium and charmonium (below threshold) S-wave e.m. decays

depend on 10 extra non-perturbative parameters.
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Quarkonium Production

Octet contributions dominate in production at high pr.

T T T T I T T T T I T T T T
BR(JY - ') do(pp— Jy+X)/dp, (nb/GeV)
Vs=1.8TeV;|n| < 0.6

T T I'Vlll

total
————— colour-octet 's, + °P,
3
——e— colour-octet °S;
) L O colour-singlet
N O SRR colour-singlet frag.

T.rT I,I'IIIII
1 1 IIIIIII

singlet — -
| .

1 1 1 1 A 1 1 1 i | 1 1 s 1

5 10

pp — J/Y+ X

BR(Y(2S) - K1) do(pp - Y(2S)+X)/dp, (nb/GeV)

T 7 T PTT
-

Vs=1.8TeV;|n| < 0.6

total
----- colour-octet 180 + 3PJ
3
——— colour-octet °S;
-+ -+ LOcolour-singlet
NNl colour-singlet frag.

singlet —-. .. o

. . ~
I 1 1 1 I-I 1 | T | 1 I L~ 1 1 1

5 10

pp — w(QS) + X

Kramer 01, CDF 97
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The Static Spectrum

Gluonic excitations between static quarks are of 3 types:

”000@06%9”0@0@6\
(QQ); (QQ)1+ Glueball S
6000060000000
:
q
Hybrid 2

(Q0)sG fm?mm@gm

S
©




Hybrid Static Energies

atEr B=25 N=4
ag~0.2 fm
0 | Gluon excitations N=3
N=2
N=1
0.7 r i
N=0
06 A, i
m
05 I Z'g - agla; = z*5 |
g z=0.976(21)
2y
04 r ny 7
short distance
degeneracies
R/ag
0.3 1 1 1 1 1 1 1

Juge, Kuti, Morningstar 98, 02



Hybrids and Gluelumps

At short distance, 1/r > Aqgcp the EFT is pNRQCD:

1 a va
L — _EFMVF'LL

2 2
+Tr{ST <z'ao—p——vs>s+oT (z’Do—p——VO> O}
T T

O'r-gEO N OTOr-gE}

—|—TI{OTr-gES+STr-gEO+ 5 5



Hybrids and Gluelumps

At short distance, 1/r > Aqgcp the EFT is pNRQCD:

1 a va
L — _EFMVF“

2 2
+Tr{ST (i@o—p——‘KS)SJrOT (z’DO—p——VO> O}
T T

At lowest order in the multipole expansion, the singlet decouples

while the octet is still coupled to gluons.



Hybrids and Gluelumps

At short distance, 1/r > Aqgcp the EFT is pNRQCD:

1 a va
L — _EFMVF'LL

2 2
+Tr{ST (i@o—p——VS)SJrOT (z’DO—p——VO> O}
T T

Static hybrids at short distance are called gluelumps and are
described by a static adjoint source (O) in the presence of a
gluonic field (H):

H(R,r t) =Tr{OH}



Hybrids and Gluelumps

At short distance, 1/r > Aqgcp the EFT is pNRQCD:

]‘ a va
L — _EFMVF'LL

2 2
+Tr{ST <z'ao—p——vs>s+oT (z’Do—p——VO> O}
T T

Depending on the glue operator H and its symmetries, the operator

Tr{OH } describes a specific gluelump of energy ;.



Hybrids and Gluelumps

Symmetries of a
diatomic molecule
+ C.C.

a)|L,]=0,1,2,...
= Y, 1A ...

b) CP (u/g)

c) Reflection (+/-)
(for X only)

CP



Hybrids and Gluelumps

L= L=2
>5' | r-(DxB)
Symmetries of a Xy (r-D)(r-B)
diatomic molecule I, | rx(DxB)
+CC H; rx ((r-D)B+ D(r-B))
e Ay (r x D)'(r x B)/+
a) |L.|=0,1,2,... +(r x D)/ (r x B)’
= YN ILA... o (r-D)(r-E)
b) CP (u/g) = r B
g_ Iy, r x B
c) Reflection (+/—) 0 % (- D)E+D(r B)
(for 32 only) Au (r x D) (r x E)I+
+(rx D)/ (r x E)

Brambilla Pineda Soto Vairo 99



Hybrids and Gluelumps

0.9 — : : : :
atEI' B=2.5 N=4 I =1 L =2
ag~0.2 fm
.4 | Gluon excitations 4N=3] 5’ | r-(DxB)
' N=2 o (r-D)(r- B)
N=1 11, r x (D x B)
0.7 | .
- H’g rx ((r-D)B+ D(r-B))
Ay (rx D)'(r x B)/+
0.6 Ay . :
r x D)J/(r x B)"
e +(r x D)/ (r x B)
+ . .
05 | Mg agla;=2*5 | 2 (r-D)(r- E)
Ag z=0.976(21) diu r-B
- I1,, r x B
u
o4 I_Iushort distance H{u r X ((r ) D)E + D(r ) E))
degeneracie ) )
Ay (rxD)"(r x E)74
R/ag . .
. ' ' J i
03 O 2 4 6 8 10 12 14 +(r X D)/ (r x E)

Juge Kuti Morningstar 98, 02 Brambilla Pineda Soto Vairo 99



0.9

atEr B=25 N=4
ag~0.2 fm
0 | Gluon excitations N=3
N=2
N=1
0.7
N=0
0.6 - Ay
Nz
— %
05 L Eg agla;, =z*5 |
g_J z=0.976(21)
5
0.4 nE
short distance
degeneracie
R/ag
03 1 1 1
0 2 4 6 8 10 12 14

Juge Kuti Morningstar 98, 02

Hybrids and Gluelumps

At LO in the multipole expansion

H H

° ° ::e—iTEH
i T T
By =V, + = n(H"(5)é5 H' (=)
From
T : 1T -
(O ()0 HO (=)™ o e T
2 2
Epn(r) =Vo(r) +An



Octet potential vs lattice QCD

Renormalon subtraction (RS) is crucial in comparing the
perturbative static octet potential with lattice data.

5 \ | : NNLL + 3 loop est.

4 § NNLO

3 ] NLO

2 LO

1 *
| s = ag(1)r)

O —1
; Vi = Uys = 297

-1

Lattice data of £y, — E .+
O 0.25 0.5 0.75 1 1.25 1.5 Zg

7“/7“0 Bali Pineda 03



Octet potential vs lattice QCD

A g correlation length

NP (vp =257ry") = [2.25 £0.10(latt.) £ 0.21(th.) £ 0.08(Azg)] 7o

for vy =257, ~1 GeV
AR (1GeV) = [0.887 & 0.039(latt.) £ 0.083(th.) & 0.032(Asr5)] GeV



Octet potential vs lattice QCD

Higher Gluelump excitations

JPC H ABSrq | ARS/Gev
1+t- B; 2.25(39) | 0.87(15)
1=~ E; 3.18(41) | 1.25(16)
27~ Dy;Bj 3.69(42) | 1.45(17)
2t~ D, Ejy 4.72(48) | 1.86(19)
3t D; DBy, 4.72(45) | 1.86(18)
(s B2 5.02(46) | 1.98(18)
4=~ || Dy;DjDyByy | 5.41(46) | 2.13(18)
1—+ (BAE); 5.45(51) | 2.15(20)

Foster Michael 99, Bali Pineda 03



PNRQCD

Tmuv ~ AQCD



PNRQCD for mv ~ Aqcp

o All scales above mv? are integrated out.



PNRQCD for mv ~ Aqcp

o All scales above mv? are integrated out.

e All gluonic excitations between heavy quarks
are integrated out since they develop a

gap of order Aqgcp Wwith the static QQ energy.




PNRQCD for mv ~ Aqcp

o All scales above mv? are integrated out.

e All gluonic excitations between heavy quarks
are integrated out since they develop a

gap of order Aqgcp Wwith the static QQ energy.
(0)
| L L o e ™ e
2 | e R ’=
.
= 1r >
E -;‘).L
E 0 pﬁ,up" E(()O) | Bali et al. 98
17 ’.r_’ i (ro ~ 0.5fm)
2 _7-' quenched ~—=—
-3 H‘

0.5 1 15 2 25 3
rirg



PNRQCD for mv ~ Aqcp

o All scales above mv? are integrated out.

e All gluonic excitations between heavy quarks
are integrated out since they develop a

gap of order Aqgcp Wwith the static QQ energy.

— The singlet quarkonium field S of energy muv?
IS the only the degree of freedom of pNRQCD
(up to ultrasoft light quarks, e.g. pions).



PNRQCD for mv ~ Aqcp

p?
L—Tr{ST (i@o———\/s> S}
m

Brambilla Pineda Soto Vairo 00



PNRQCD for mv ~ Aqcp

p?
L',:Tr{SJr (z’@o———VS> S}
m

Brambilla Pineda Soto Vairo 00

* The potential V, (Re V. + ¢ Im V.) IS non-perturbative:
(a) to be determined from the lattice;
(b) to be determined from QCD vacuum models.

Creutz et al. 82, Campostrini 85, Michael 85, Born et al. 94,
Balit Schilling Wachter 97, Brambilla et al. 93, 95, 97, 98



The Quantum-M echanical
Matching

The matching condition is:

. p° i
(H[H|H) = (nljs| — + ) —— Inljs)

m



The Quantum-M echanical

Matching
The matching condition is:
p2 V(”)
H H _ . P S .
(H[H|H) = (nljs| — +§n: — [nljs)

SHW  sHEP  gH®)  gHW
+ + +
m m2 m3 m4

1
(0) _ 3« ayra apay =T .
H —/dXQ(HH + B“B“) ngD v q

H=H +

2
SHW =— /d?’xzﬂ (% +cpgS- B>¢ + antip.



The Quantum-M echanical
Matching

The matching condition is:

(n)

(H|'H |H) = nlys]—+z — |nljs)

In a QM language:

H(O) \EQ X1 X2>(0) — Eff) (X1, X2)m; X1 X2>(O)
15 %1, %2) ) = T (x1) x(x2) [ %1, %)
x; are the quark positions n : CP, ...
0)(0 = \(QQ) ) — Quarkonium Singlet
n > 0)% = [(QQ)¢"™) — Higher Gluonic Excitations




The Quantum-Mechanical
Matching

The matching condition is:

. p? v
(HIHH) = (s 2+ 30 i)

m

Expanding in 1/m:

01, x2) = (030,50 + 3 [ dsali,2a)
n#0

X O {n; 21, 29| 0H W05 x5, x2) ) +
O O o o o
£y (2) — B ()

|H) — 10;x1,X2) @ [nljs)




The non-perturbative Potentials




The non-perturbative Potentials

VO = lim = In(W(r x T)) = lim —In<[_]>

T'—o00 T'—o0

2 I I I I I I I

1.5

1

GeV

0.5

0

-0.5

0.2 04 06 0.8 1 1.2 1.4 1.6
rffm

Bali1 Schilling Wachter 97



The non-perturbative Potentials

O)(k|gE|0)©
0 0
RN

1,0 =~ D20 = —-V? + Z
Kinetic energy —— k70

Since

<<E(t) - E(O)>>D: Z |(0) <0|gE‘/€>(O) |2€—iEéO)T—i(EéO)—Eéo))t
k

E
1 © @)
v;”:—§/ ae <[]
0

Brambilla Pineda Soto Vairo 00



The non-perturbative Potentials

E
1 2 oC 1
VS([Q)) — (CFG —T Z/ dtt <|I:Z|> — 5‘/;(0)/> (Sl —|— SQ) : L
0 B

(A (A

—er rzr]'/dt(m> - 'j<[:]>>
x(Sl-Sz—S(Sl-f')(SQ-f)>

2
—|—<§CF Z/ dt<|:::|>— dg—l—CFd4)5 3)( ))Sl - S9

0

Eichten Feinberg 81, Gromes 84, Chen et al. 95 Brambilla Vairo 99



The non-perturbative Potentials

Val) = pt( i / dt 2
0

2 o0
—C—Fz/ dt ¢
—Z/ dtl/

i gvail

j} ‘|‘ d1—|— CFCZ3—|— WCFCYSCD)é( )( )

dtg/ dts(ts — t3) <m>+<m>>

/ dt / dts(t1 — t2)2V°
0 0
1 1
=« » =X )
(2 + D+ 5 D)

bt / P (G2 (%) GP, (%) G, (X))E

Brambilla et al. 88 90, Pineda Vairo 00



lmaginary parts of the Potential

Im V, = V6 (r)V
P—wave
I QS—I—IP I 25+1
% |3 mf1( J)_l_g me( SS)
mA 27 mA
where

£=18%" (0|gE|n) - (n|gE|0)

1 ©.@)
- 5/ dt > (gE“(t,0)P.(t, 0;0)gE"(0,0))
0



P-wave decays at O (muv°)

2 p

R'(0) I |
F(XJ%LH): 1 91mf1 -+ meg
Tm 9
2
R'(0)
C(xs —7y) = 9Im f,, J=0,2

mmA

Brambilla et al. 01, 02, 03



P-wave decays at O (muv°)

2 p

R'(0)

Im |
F(XJ — LH) p— ﬂ_m4 9 IHlfl —|— 9f8 g
2
R'(0)
) = 91 J =20,2
CXJ'_>WqO nlf%v A :

Brambilla et al. 01, 02, 03

2

R'(0)

18mm?

(x10s("S0)|x) =

E & E/OO;lttS (Tr(gE(t) gE(0)))



P-wave decays at O (muv°)

2
RO T /o
F(XJ%LH): 1 91mf1 + meg
mTm 9
2
R (0)
C(xs —7y) = 9Im f,, A J=0,2

Brambilla et al. 01, 02, 03

)|
(OSSN = oy

E & E/OO;lttB (Tr(gE(t) gE(0)))

* The quarkonium state dependence factorizes.



P-wave decays at O (muv°)

2
RO T /o
F(XJ%LH): 1 91mf1 + meg
mTm 9
2
R (0)
C(xs —7y) = 9Im f,, A J=0,2

Brambilla et al. 01, 02, 03

)|
(OSSN = oy

E & E/OO;lttS (Tr(gE(t) gE(0)))

* Bottomonium and charmonium (below threshold) P-wave decays

depend on 4 non-perturbative parameters [3 w.f. + 1 corr. |.



Determination of £ from charmonium data

Process ' (MeV) Reference
I(x.o— LH) | 9.7+1.1 | E835
I'(xeo — LH) | 14.3+3.6 | BES

Xco — LH) 13.5£5.4 CBALL
Xe1 — LH) | 0.6440.12 | E760
I(xe2 — LH) | 1.71+£0.18 | E760

£(1GeV) =5.3753  [exp] N

_elm 96 nas(m) 1ol

5,




Bottomonium P-wave decays

I(xo(1P) — LH)  T'(o(2P) — LH)
(v (1P) — LH)  T(x,(2P) — LH) 8.0+ 1.3 [£]

(Cleolll 02) = 19.3 £ 9.8

14

12

IijO/Iijl 10

Brambilla Eiras Pineda Soto Vairo 01, Vairo 02, CLEO coll. 02



S-wave octet matrix el ements

At leading order in the v and Agcp/m expansion:

2 _ 2)
(V)05 (351)|V) = (P|0s(1S0)|P) = Ca |R$T)| <_2(CA/23m20F)’§>

(V|0s(*So)|V) =

(P|0g(?S1)|P) _ 0 [R(0)]* { (Ca/2—CF)ctB1
3 Y g 3m?2

1 2 B
(VI0s(3P)|V) = <P|Os(3P1)|P> _ (2J+1)CA|R$T)| (_ (Ca/2 : Cﬂ@)
/ 2
(x10s(*s0)lx) = -2 O g,

(VIPL(PS1)IV) = (PIP1(*S0)|P) = (VIPem(*S1)|V)

2
= (PIPe( 5)IP) = O o0 (@ )



S-wave decays

'(V(nS)— LH) ['(P(nS)— LH)

R, R,

[(V(nS) — ete) [(P(nS) — vy)

It is a prediction of pPNRQCD that, for the states for which
AQCD > mo?, the wave-function dependence drops out.
| Residual 1 dependence in 1 /m, Efl%) and Im f;

residual 7 dependence in ET(L%). ]



S-wave decays

(*51) (
R?Y@ Im f1(331) Im fee(?’Sl m
R—fj _q (Imgl(1S0) B Imng(150)> Mn — Mm
Rﬁz Im fl(ls()) Im ffyfy(lso) m

For m, = 5 GeV, Rg/RT ~ 1.3 [pdg >~ 1.4]

Im g, (*So)/Im f1(*So) — Im g, (" So) /Tm £, (*S0) ~ @

=up to O(v?), R is equal for all radial excitations.



NRQCD power counting & pNRQCD

+ In pPNRQCD:

0
IRY)|?

VIPLCS)IV) =302

(mEY - &)

+ Using the “standard NRQCD power counting™:

Gremm Kapustin 97

|Rn0 ‘2

(Va(n8)[P1(*51) |Va(n)) o = 322

mEnO



NRQCD power counting & pPNRQCD
+ In pPNRQCD:

0
IRY))2
2

(VIPLCS)IV) =822 (mEL — &)

« Using the “standard NRQCD power counting’:

Gremm Kapustin 97

0
IR |2
2T

mE,,S%)

(Vo (nS)[P (3S1)|VQ<nS)>GK =3

The difference clarifies the range of validity of the “standard
NRQCD power counting’: Eé%) ~ mv?, &1 ~ Adep:

o |f AQCD ~ mu, then &, ~ mqu%)

° If Aqep ~ mv?, then &, < mE,,(,L%)



Higher order matrix elements

— O\R (njls|r)
H H 3 3 //dS /d?) /
O] /d /d R — 0[P = 0)

<| @il [ #¢0©) [0 x1x2>] (RI[P = 0)(]1s)

Ex. Consider the dimension-9 operator

Fen (P FPy) = Wa' gEx/|vac)(vac|x'e - Dy + H.c.

that appears in v, — vy at O(mv"). One obtains

RO &

(s m

(xo(n01)|Fem(* Fo)|xq(n01)) = —



Conclusions

e Heavy quarkonium in the non-perturbative regime Is
accessible to a systematic study inside QCD.

Wave-functions and potentials may be precisely
defined in terms of QCD parameters.

e Accurate determinations interesting both for the
phenomenology and for the structure of the QCD
vacuum are possible.



e |n lattice calculations for quantities that involves two very different scales
() > q it should hold

Lo <al

a = lattice spacing, L = lattice size
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(a) leading-order colour-singlet: ¢+ g — 05[359)] +yg

I/

B colour-si . _
(b) colour-singlet fragmentation: ¢+ g — [00[359)] +99]+g

(¢) colour-octet fragmentation: ¢+ g — 06[3S§8)] +g

(d) colour-octet t-channel gluon exchange: ¢+ g — 06[1568), 3P}8)] +g
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8
91mf1:---—§nfa§ln——|—
I 8

mfgé'z—n ag’lni—i—...
9 140
a2

1) Imfgznf?

2) & 5/00215 t2 (Tr(gE(t) gE(0)))
_ > 3 r arpa 2

8—/Odtt Te{TT} g /

3) / dtt3 e "th = —
0 k4

e dBk
(2)?

0 Fod3k 1 1 M
~ n
(2m)3 k3 272 g

ke_ik"t—i—...

Te{T°T"} = 4



1

£ = o /0 "t (Tr(gE(t) - gE(0)))

1 RS,
B, = E/o dit" (Tr(gB(t) - ¢gB(0)))

e = o [T [an [Vata (2 - 00* {0 (0B 9B (1)} {50 9BO))).

- (Tr(gB(11) - gB(12)) T{gE) - B(0))

C

where

({gE(t1)-, gE(t2) } {gE(t3) - gE(0) })c = ({gE(t1) - gE(t2)} {gE(t3) - gE(0)})

1

———(9E(t1) - gE(t2)) (9B (ta) - GE(0))
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