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NUCLEAR POTENTIALS AND SINGULARITIES

@ OPE potential: Yukawa’s meson theory (1935) & Proca, Kemmer, ... (1940's)

1 g2 m3 N
Vore(r) = Z:‘\_N M—; [Y(mwf) o1 0y + T(Mgr) Slz(f)]‘rl ° 7R
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rnn 101 N - ’
— — Spo(f) 71 - T singular potential
16w M2 13 12(F) 71 - T2 (singular p )

@ OBE models (1960’s): multipions = o, p, w, ...

l/r3 S12(F) pseudo-scalar mesons (w, 7)
l/r3 L-S scalar mesons (o, §)
1/r3 LeS, l/r3 S12(F) vector mesons (w, p)

@ High quality NN potentials (Nijmegen, Bonn, Paris, ...) (1970's)
OBE + realistic couplings + strong form factors to remove divergences
@ Quark models (1980's): OGE + confinement — short-range repulsion (form factors)
Hybrid models (meson exchanges) — account for medium and long-range attraction
@ EFTs in nuclear physics (1990's): Chiral NN potential

1 1 1
Vio — ir—g, VNLo — ir—s, VNNLO» VNLO-A 5 VNNLO-A — ir—e
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@ OPE potential: Yukawa's meson theory (1935) & Proca, Kemmer, ... (1940's)
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1 1 1
Vio — ir—g, VNLo — ir—s, VNNLO» VNLO-A 5 VNNLO-A — ir—e

In general, nuclear potentials present singularities J
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SINGULAR POTENTIALS AT SHORT DISTANCES

@ By definition a singular potential satisfies lim; _,o r?|U(r)| > oo with U(r) = 2uV (r)

@ Two-body scattering problem (for S-wave) with U(r) = iRi% (%)n and n > 2,

—u”(r) + U(r)u(r) = k2u(r)
@ At short distances (r — 0) the WKB approximation is applicable

d 1 d 1 2
— = — <1 = r< (= R
drlp(r)] ~ dr k2 —u(n) ( ) "

6
e.g. for a vdW potential U(r) = —Rig (%) the applicability condition reads r < Rg.
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SINGULAR POTENTIALS AT SHORT DISTANCES

@ By definition a singular potential satisfies lim,_,o r2|U(r)| > co with U(r) = 2uV (r)
@ Two-body scattering problem (for S-wave) with U(r) = j:% (%)n andn > 2,

—u(r) + U(r)u(r) = k2u(r)

@ Semiclassical (WKB) short-distance wave functions

{‘/%U(r)sm [/r.r\/kZ—U(r’)dr/-i-gok}
u@r) >k? , uB(r) = yﬁexp [—/rr \/U(r’)—kzdr’]

with ¢k a short-distances phase which may depend on the energy.

ur) <k® . ul™ ()
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SINGULAR POTENTIALS AT SHORT DISTANCES

@ By definition a singular potential satisfies lim,_,o r2|U(r)| > co with U(r) = 2uV (r)

@ Two-body scattering problem (for S-wave) with U(r) = j:% (%)n andn > 2,
n

—u”(r) + U(r)u(r) = k2u(r)

@ Semiclassical (WKB) short-distance wave functions

1 /Rn\" r\"4 2 (Rn\2!
U(r —— | — U (r C(— sin | — —
(1) - Rﬁ(r) cum-c(y) (3) +a

n n—2
1

Rn 0 r n/4 2 Rn g_l
U(r)—>+R—% (T) , uk(r)—>C(R—) exp | = (T)

n

with ok a short-distances phase which may depend on the energy.
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SINGULAR POTENTIALS AT SHORT DISTANCES

@ By definition a singular potential satisfies lim,_,o r2|U(r)| > co with U(r) = 2uV (r)
@ Two-body scattering problem (for S-wave) with U(r) = + % (R"

n
=tz T) andn > 2,

—u”(r) + U(r)u(r) = k2u(r)

@ Semiclassical (WKB) short-distance wave functions

U(r)—>—i (R"

n r n/4 ) 2 Rn g—l
— U (r C(— sin | — — q
= 2) L wm-c(n) (®) +a

n—2

1 /Rn\" PN/ 2 (Rn\21!
u — (= : c(=— - -
(r)—>+Rﬁ(r) ug(r) — (R) exp n—2(r)

n

with ok a short-distances phase which may depend on the energy.
@ Orthogonality condition between different energy states:

= [ug(nuo(r) — uk(r)ug(r)] g~ = k? /Ooo Ui (1) Uo(r) dr = sin (¢ — o) =0

imply the short-distance phase to be common to all eigenfunctions.
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RENORMALIZATION WITH BOUNDARY CONDITIONS

@ Singular potentials: we have to specify a parameter (the phase o).
@ The short-distance phase ¢, encodes the unknown short-distance physics:

Fix o from the experiment < Fix the scattering length ao
@ Example: vdW case (n = 6)

1.13214R — 0.69373 o
1.67481 g — 0.468947R

tan po =
Three ingredients:

@ Fixagandug(r) -1 - -

o 1
@ Relate up and uy by orthogonality

g’
/ U () uo(r) dr = 0 g 1
0 B 9
o .

[
© Obtain phase shifts 2,

. JB N
sin(kr + 4(k)) 0 02040608 1 12141618 2

u(r) » ——————=
sin§(k) 1IRg
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L ONG-RANGE VDW INTERACTION BETWEEN ATOMS

@ In molecular systems, constituents interact through Coulomb forces.
@ Atlong-distances, |R| > |ral,|rg|, @ dipole-dipole interaction appears,

H = Ho+ Vg 5
w2, 5 2 2 .
Ho = ——(V5+V - . .
2% { 2p ( A B) A B
2 A (ra -R) (18 'R)]
Vyg (R = e —3
dd (R) g[ =Y RS

@ To second order in perturbation theory

AA|Vyq |A*A*)|2 Cs
Vaa = (AA|Vyq |AA) + E M'i—"':__e
. ” AAZA* A*
null if no permanent dipoles

= Relativistic corrections: retardation
[Casimir and Pol der, 1946]
= Quantum field theory: 2y-exchange
[Fei nberg and Sucher, 1970] 7

2y _ D
Vil=-=
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SPIN-FLAVOR VAN DER WAALS FORCES

= Nonlinear sigma model (m, — 0) at quark level, r-exchange between quarks
= Hadrons as clusters of N¢ quaks with pairwise interactions Vi = Zi,j Vij“()'(i — )7]) — VopPE

2
2
z

= Born-Oppenheimer approximation to 2nd order (OPE-transition potentials):

[{NN [VopelHH') |2

Vin = (NN|VopglHH) + >~ S
— BnH

NN £HH/

with [HH’) = [NA), |AA) arbitrary intermediate states.
= We look at the elastic NN channel with Ty = myz < A = Ma — My = 293MeV

2 2
NN na(l i ‘VNN an(

o3
My — Ma 2 My —Ma

Vmﬁ\jw (M) = ViR an()+2
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OPETRANSITION POTENTIALS

N AN JAN A
N (a) N N (b)
Vlzer,NA(F) = {51 -Sp [WE(r)] nNNa T [S12(7)] NN,NA [W'Izr(r)]NN,NA }-Fl T2,
VI\TIFN,AA(F) = {Sl ) [Wg(r)] NN,AA + [Slz(f)]NN,AA [WTT'r(r)]NN,AA }Tl T2,
with the tensor operators,
[S12)ywna = 3611)(Sz-F)—51-Ss,
[S12()\wan = 361-7)(S2-F)-S1-S,,
and the radial functions
” Mg frnnfana
[WS’T(r)] NNNA 3 Ax Yo2(M=1),
w mx 2ya
[WS’T (r)] NN,AA 3 An Yoa(M=1),
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SPIN-FLAVOR VAN DER WAALS FORCES

= The potential can be reduced to the form

Vi 7o) = [Ve(r) + Vs(r) (31 - 52) + Vr (1)Siz]
+  [We(r) +Ws(r) (61 - 62) +Wr (r)S12] (71 - 72)

= Short distances behavior (r — 0)

f2 (9f2 +f2 ) 1 i (18f — 2 ) 1
Ve(r) = — TNA 7NN TNA/ — L We(r) = — TNA 7NN TNA/ — .
c(r) omé r2A 6 T e 54ma 72 A 6t
2 2 2 2 2 2
Vs(r) = fZna (182 —f2ya) 1 i Ws(r) = fZna (36f2uw +2na) 1 i
108m4 2 A 7 648mA 2 A @
2 2 2 2 2 2
Vr(r) = _fﬂNA (18f7rNN _ waA) 1 +... We(r) = _waA (36f7rNN +f7rNA) 1 4o
108mAm2A & 648mi w2 A ré

= The potential is identical to Walet-Amado NN potential in the Skyrme soliton model.
= Short distance is identical to one of ChTPE NLO-A potential if ha/ga = frna/(2fnn)

= Notice that some 7N background (triangles, crossed box, football) is not explicitly included.
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MESON-BARYON-BARYON COUPLING CONSTANTS

f NN COUPLING CONSTANTS AXIAL COUPLING ga

Goldberger-Treiman relation f,.yy = gam«/(2fx), fann/Mr = gnn /2My
Pion decay constant f, = 92.4MeV (weak leptonic decays 7+ — p=v,,)
Axial coupling constant coming from s-decay (9,.nv = 12.8):

_J1.249(6) if n decay rate is included,
AT 1.257(9) if only angular distribution is used.

Phase shift analysis of NN scattering yields g,yn = 13.1 compatible with g = 1.29
Admissible values: gy = 1.25 — 1.29

fna COUPLING CONSTANT

| A\

Adkins, Nappi and Witten (Skyrme model): f.na /fann = 3/V/2.

Dashen, Jenkin and Manohar (large Nc SU(4) spin-flavor symmetry): f.na /fxnn = 3/V/2.
Karl and Paton & Jackson et al. naive SU(N¢) quark model predicts

4

frna _ 3 VINe—1)(Nc +5) _ [3/v2 for Ne — oo
fonn V2 Ne + 2 ~\6v2/5=/72/25 forN¢ =3
lim Skyrme Model = lim Quark Models — QCD SU(4) spin-flavor
Nc — o0 ~~~ N¢—oo N~
[Manohar] [Dashen Jenkin Manohar]
ALVARO CALLE CORDON (JLAB) RENORMALIZATION OF SF VDW FORCES MuNICH, JUNE 17, 2011 12 /26



INTRODU

ON

COMPARISON WITHCHTPE-A POTENTIAL

0 u NLO-BO —
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= 40 = =
> NLO -BO — > >
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UNCOUPLED CHANNELS

Reduced Schrodinger equation in the pn center-of-mass (c.m.) system
I(l + 1)

—ugy(r) + [U(r)'f‘ ]U 1(r) = k2ui ()

Reduced potential

U = M (Vo(r) +0 Vs(r) + S12(f) Vr () + "W (1) + 7 o Ws(r) + 7 Sia(f) W (1))

4

R
= == forr - 0
r

Short distance solution,

u(r) — A (RLG)B/Z sin E (%)2 +50|(k)]

Forrc < r < Rg with rc — 0 singularity dominates centrifugal barrier

wr(k) = pi(k2)  and ¢ (k) = @, (K)

We would have the following correlations [Pavon and Arri ol a, PRC 83: 044002, 2011],
(1) Singletisovector (s =0,t =1,0 = —3and 7 = 1): (!Sg, 1Dz, 1G4,...)
(1) Singletisoscalar (s =0,t =0, = —3and 7 = —3): (*P;, 'F3, Hs,...)

(in) Tripletisovector (s = 1,t =1, 0 = Land 7 = 1): (3P, 3F3, 3Hs,...)

(1v) Tripletisoscalar (s =1,t =0,0 =1and 7 = —3): (3D, 3G4,...)
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SINGLET CHANNEL PHASE SHIFTS(S = 0, Sy»(f) = 0)

Phase Shifts [deg]

Phase Shifts [deg]

10 14
Nijmegen — Nijmegen — B
N Z2) o om-Oppenh(N, = 3) -
|', ppenh(N; = ﬁ Born-Oppenh(N, =) ﬁ 1 Nijmegen —
| A 2 s/ !, Channel £ !
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0 0
o 4 o 06
] ]
1, £ £ 04
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02
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0 0
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Ninegn— | § 1 ', Channel g
ljmegen g 4 Lhanne 3 04
-15
2 2061 ¢
£, £ Hz Channel
5
7] \ % 08
1p, Channel g *e 9 4 N
1 c 3 2 \\ a \
c Nijmegen — £ 49 Nijmegen —
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TRIPLET UNCOUPLED PHASE SHIFTES = 1, Sy»(f) = 2)
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TRIPLET COUPLED CHANNELS

COUPLED CHANNEL SCHRODINGER EQUATION

We have to solve the Schrodinger equation

—u”’(r) + [U(r) e :—22} u(r) = k2 u(r),

with

 (Uisj1 Ui » (i(-1) 0 (@)
o) = (gt g = (0 o) e = (05)
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TRIPLET COUPLED CHANNELS

COUPLED CHANNEL SCHRODINGER EQUATION

We have to solve the Schrodinger equation
L2
—u(0)+ V) + 17 ] u) = K2 u),
with
U 1 U_q s iG—1) 0
U(r) = ( i—Li-1 J1,J+1>’|_2:( . . , r
® (Uj—l,m Ut 0 G+1G+2)) 10

POTENTIAL DIAGONALIZATION

Il
N
s c
==

=
=
N

=
N

The potential can be splitinto U = 1Unt (1) + SJIZUT (r) with,

10
b= (03)

g - 1 (—2(1—1) 6\/1(1+1))
12 2 +1\6vi(+1) —2(j+2) /"
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TRIPLET COUPLED CHANNELS

COUPLED CHANNEL SCHRODINGER EQUATION

We have to solve the Schrodinger equation

0+ U + 5 |un =k u,

with

(Ui Ui _(iG-1) 0 ()
U= (it e e (0008 0 8l o= (W)

POTENTIAL DIAGONALIZATION

N

1 (\/H-—l Vi ): (cosej sinej>

R; = : :
T4\ -V i+1 —sin®; cosf

j _
SlZ,D =RjS,R

2 0\ 2 piaer_ ((1G+1)  2ViGFD
% = (0 %) 5= = (Ui i 2)
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TRIPLET COUPLED CHANNELS

SHORT DISTANCE PROBLEM

At very short distances U — % with MCg a short distance diagonalizable matrix
(attractive-attractive potential case)

MCGﬁLj’l MCs& '\ _ fcos 6 —sing\ (-RY 0 cos®,  sing
MCe MC, 541 | — \sin  cosé 0 —R* ) \—sing cos6, /)’
L

with —Ri = M(CNT + ZCT) and —Ri = M(CNT = 4CT)
In the diagonal basis v; = R;u; at short distances the singularity dominates

Vi . cos; 0  sin; 6 u
vV - —sinj@ cosjf) \w) "’

and the system decouples

R4 r % . 1R2
==k va0 = () Cen |55 eal®)
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DEUTERON3S; —° D,

Input parameters:
Binding energy By = 2.224575 MeV, D/S ratio = 0.0256 and ag, = 5.419 fm

Solve the diagonalized Schrodinger equation for negative energy k? = —v2 = —M By
Set 7 (fm™) n As (fm~172) | m (fm) [ Qa(fm?) [ Po (%) [ (1)
OPE Input 0.02633 0.8681 1.9351 0.2762 7.88 0.476
BOMN.—3 9. =125 mnput Input 0.8674 1.9340 0.2711 8.19 0.473
°- ga =1.29 Input Input 0.8783 1.9549 0.2712 6.46 0.462
BO(No— o) GA=125| Input Tnput 0.8801 1.9605 0.2781 7.76 0.448
c=%) g,=129 | Input Input 0.8931 1.9857 0.2798 5.74 0.433
NLO-A (h, = 1.34) Tnput Tnput 0.884(3) 1.963(7) | 0.274(9) | 5.9(4) | 0.446(10)
NLO-A (hs = 1.05) Input Input 0.84(4) 1.86(8) 024@3) | 12(5) | 0.62(15)
NGl 0.231605 | 0.02521 0.8845 19675 0.2707 | 5635 | 04502
Reid93 0.231605 | 0.02514 0.8845 1.9686 02703 | 5699 | 0.4515
Exp. 0.231605 | 0.0256(4) | 0.8846(9) | 1.9754(9) | 0.2859(3) | 5.67(7) -
0.6 0.6
05 05
0.4 0.4 Deuteronng—wave
<« 03 Deuleronssl—wave g 03
e 02 e 02
= O'é ’ Nijmil — s 0-;
E f OPE E i
° Nijmil
-0.1 BO (’;‘\? ’_°°) -0.1 JopE
o2 BO (N,=3) pevs BO (N, =)
- - BO (N, = 3)
03 03
05 1 15 2 25 3 0 05 1 15 2 25 3
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DEUTERONEM FORM FACTORS(IA)

Elastic electron-deuteron differential cross section in the lab-frame

ddge (o%0e) = (ddge)m [A(qz) +B(g?) tan (%)} :

Deuteron structure functions A and B:

2 8
2 2 (42 2 (~2 2 2 (42
A@7) = Gc(@)+5n6u(@) + g n° Go(a%),
4
2 2 (~2
B(@®) = 3n(@+n)Gy(@),
L a a OPE —
Born-Oppenh(N,=3) —
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& 001 (32 @O X
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HIGHER PARTIAL WAVES (CORRELATIONYS)

@ For higher partial waves one solves the coupled channel Schrédinger eq.
" L2 2
—u(r) + [U(r) S r—z} U j(r) = k= ug j(r)

@ We fix the scattering lengths and integrate downwards fromr — cotor = rc.
@ Defining Ly j(r) = uy J.(r) ukyfl(r) the finite energy solution is constructed from

Lk ,j(rc) = Lo j(rc)-

@ In the rotated basis v; = Rju; the tensor Sj12 p does not depend on j and isoscalar ey,

3C3, 3Cs) and isovector (3C,, 3C,4) channels possess the same short distance potential in
the rotated basis,

R1Vac, (NR] = RsVac,()R3 =RsVac (NRE=...,
RaVac, (RS = RgVag,(NRy=...,

@ At very short distances the singularity of the potential dominates the centrifugal barrier and
independence with j is achieved in the rotated basis
[Pavon and Arriola, PRC 83:044002, 2011]

RiLka(re)RiT = Ralxa(rc)Rs' =Rslys(ic)Rs' =...,
RoLk2(rc)R2T = Ralya(rc)Rs =....
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CORRELATED TRIPLET COUPLED

ISOSCALAR PH
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CORRELATED TRIPLET COUPLED ISOVECTOR PHASES
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3NF IN THE BORN-OPPENHEIMER APPROXIMATION

Van(r) =

(NNN|Vope [NNN)
| (NNN|Vopg [HH'H”) |2

+
NNN#HH/H”

At the 27-exchange level: Vopg =V

Van(r)
(NNN|Vopg [NNN)

| (NNN [Vope [NDN) |2

ALVARO CALLE CORDON (JLAB)

Ennn — Exnrne

2

(12) | \,(13)

(23)
ore T Vope

+ VOPE

| (NNN|Vope [NAN) |2
My — Ma

(NNN|Vopg [NNN) +

3(NNVE2INN)

IVim na(ri2)? + VG na (r1s) 2

1 2
+ VAR na(r23)]

2V na(r2)VRR na(r23)

1 il
2V na (M2)Vak na(r13)

+ o+ o+

1 1
2V na (r23) VR na(r13)
.. (complicated structures). . .
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CONCLUSIONS AND OUTLOOK

@ We have used the Born-Oppenheimer approximation to obtain a NN potential
starting from OPE at the quark level and using second order perturbation theory.

@ This potential is identical to the one obtained by Walet and Amado using the
Skyrme model.

@ The short distance behavior is identical to the ChTPE NLO-A if we identify
ha/ga = fxna/(2fnn), With @ short-distance singularity of vdW type. The
mid-range behavior looks very similar to each other.

@ We have used renormalization with boundary conditions to deal with that
singularity where the number of counter-terms needed has been reduced by
applying correlations between partial waves.

@ By varying the coupling constants f,ny and f.na within admissible values we
have obtained good phenomenology (deuteron, phase shifts, EM form factors).

@ In this formalism the extension to 3NF is straightforward ...
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