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1. INTRODUCTION

Recently phenomena involving interactions of hadrons in small -size configu-
rations have been intensively discussed both in relation with the phenomenon of
color transparency and vector meson electroproduction observed at HERA en-
ergies. There is also a deep relation between presence of the weakly interacting
small size configurations in hadrons and phenomenon of cross section fluctuations
in the interactions of the hadrons which manifests itself in the inelastic coherent
diffraction processes: h + N(A) — X + N(A), see Ref. [1]. In this paper, we
focus on the systematic derivation of the formulae for the interaction of the color
singlet ¢¢ pair having a small transverse size with a hadron target . Then, we
use these formulae to calculate the probability of the distribution for the inter-
action of a photon and a pion with a target for small interaction cross sections.
Although some of equations deduced in the paper existed before no derivations
with analysis of their accuracy has been presented.

The paper is organized as follows. In Section 2, we consider the virtual for-
ward Compton amplitude in the small-x region where it is dominated by the
photon-gluon scattering subprocess. We outline there a derivation of the basic
formula expressing the total cross section o+7 as a convolution of the gluon dis-
tribution amplitude Gr(z, Q?) and the vg scattering cross section. In Section 3,
we write down the yg cross section in terms of the gq light-cone wave functions
of the virtual photons. In the next section, we calculate the cross section distri-
bution Py.(o) for the virtual photon. In Section 5, we discuss the quark-hadron
duality interplay between the perturbative free-quark results and contributions
due to low-lying resonances. Finally, in Section 6, we calculate the cross section
distribution for the pion Pr(¢) in the small cross section limit where it is gov-
erned by gq configurations having small spatial size. Basing on QCD evolution
equation we evaluate also the functional dependence of Pr(¢) — 0 on ¢ and on
the incident energy.

2. HARD +*T TOTAL CROSS SECTION AND THE INTERACTION OF
SMALL SIZE CONFIGURATIONS,

Let us consider a particular contribution into the 4*7" cross section corre-
sponding to a transformation of the virtual photon when ¥* converts into a Q@
pair with quarks having a large relative transverse momentum. Usually, this
contribution is written as a convolution of the infinite momentum frame wave
function of the target with the pQCD calculable coefficient function describing

the short-distance propagation of the particles between two virtual photon ver-
tices. Qur aim is to express the relevant coefficient function in terms of the
light-cone wave functions of the virtual photons as viewed from the reference
frame where the target is at rest. The contribution we are interested in is given
by the sum of diagrams shown in Fig.1.

‘The lower blob corresponds to the gluon distribution in the target. It is con-
venient to parameterize the gluon momentum k in terms of the Sudakov variables
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Here ¢’ and p' are light-like momenta related to p, ¢ by
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For our goals, the most interesting region is that of small values of the Bjorken

parameter: z = —g?/2(pg) — 0, where we may safely approximate 2(¢'q) = s.

In the d*k integral, the region k¥ ~ Q2 corresponds to the next-order o,
correction, so we will take into account only the contribution of the region k? <
Q*. This corresponds to the leading a, log Q2/A2? approximation in which the
Ofa,) corrections are neglected. In this kinematical region, the contribution of
the diagrams shown in Fig. 1 can be considerably simplified. The essential region
of integration is

| E? |=| aBs + k2 |€ Q. (2.4)
Note that 85 ~ Q? o (mass)? of the ¢ state produced by 7*. Hence,
o<1 (2.5)

is the essential region of integration over a. As a result, it is sufficient to take
into account only the longitudinal polarization in the propagator of the exchanged
gluon [2]
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Indeed, let us estimate the contribution due to exchange of a transversely
polarized gluon:

(2.6)
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Here, Tﬂ? is the imaginary part of the amplitude of the 7™ scattering off a
gluon given by the lowest-order Feynman diagrams and TT 5, is that for the
gluon scattering off a target T

Using the the fact that, at high energies, the Feynman amplitude of processes
due to exchange by two elementary fermions tends to constant [3] we obtain:
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In this estimate we use also scaling over @? in the box diagram. The amplitude
due to the exchange by two vector particles increases like s, and we have
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Here n > 0, since, according to the QCD evolution equations, the deep inelastic
amplitudes increase with energy in region of applicability of the perturbative
QCD.

As a result of this power counting estimate we obtain:
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Here, we substituted afs ~ kZ. The divergence at small k; disappears when
matrix element is calculated more accurately. Thus, due to the presence of the
factor « in €q.{2.8), in the leading «, log @?/A? approximation, the contribution
due to the exchange of a transversely polarized gluon is negligible compared to the
contribution of the longitudinal polarization specified by €q.(2.6). We use here
the observation that in QCD the power n characterizing the energy dependence
of the amplitude is the same for scattering of transversely and longitudinally
polarized gluons.

Using the gluon propagator in the form given by eq.{2.6), we get the following
expression for the total contribution of the diagrams shown in Fig. 1:

4
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Here T, oF) =7 a2(v°9 — QQ) is the sum of the box diagrams describing the
ab(T) .

7" scattering and T, is the amplitude of the gluon scattering off the target
T. We use here the fact that

TPk, = TH Pk = 0, (2.10)

since the box diagram contains no gluons and, therefore, the Ward identities in
this approximation are the same as in an Abelian gauge theory (a, b are the color
indices).

Using the dominance of the longitudinal gluon polarization (2.6) and incor-
porating eq.(2.1) we can simplify eq.(2.9):
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1t is useful to define the cross section of v~ scattering off a gluon g averaged over
the gluon color:

bap 8 -0 (Y g — ¢7) Z Im T2(P), (2.14)
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where s’ is the invariant mass of the produced ¢g system: s’ = (k+¢)? ~ 85— Q3.
Thus,
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In the leading o, log Q? approximation, we can substitute k? by k2. Comparing
our result with the QCD-improved parton model expression for the production
of heavy quarks (see ¢.g., [4]), we observe that
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where G is the gluon distribution in a target 7. This gives
d
CyeT = /0’7-9 Fﬂ[zGT(.@, Q). (2.17)

As the first argument of 3G(8, Q?), we use 8 = M = 2—?1 7 2z Here M is
the mass of produced q¢ pair. As the evolution scale for the gluon distribution
function, we take @*. Of course, the higher-order o, corrections may change Q2
by some numerical factor. This scale-fixing ambiguity is a usual feature of the
leading a, log Q%-approximation.

3. LIGET-CONE WAVE FUNCTIONS AND o,

Now let us express o,», in terms of the light-cone wave functions of the
virtual photon. To this end, we write down the four-momenta rl(rz) of quark
(anthuark) in the box in terms of the light-cone variables r; = {r},r, r¢} with

rf = n¢t and take the integral over ry by residue. Introducing the lowest-order
perturba.tlve g light-cone wave functions of the virtual photon [5]
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we obtain the following expression for the sum of the box diagrams:

fd T2 p,p)

52

dnd?
gt [ 22 (1 2P0, )~ Gl e+ k) = Bilmyre = k)Y FaFiy (3.19)

where g2 is the QCD coupling constant and F, = 22, A; being the Gell-Mann
matrices of the STU(3), group in the fundamental representation.
It is convenient to rewrite this formula in the impact parameter space:

Yoz, re) = / u(z, b d2. (3.20)

Then
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Within the leading a, log Q* approximation, to obtain eq.(2.12), it is necessary
to decompose exponent into a power series over (k:b) and to keep terms up to
the second order in k%, Combining egs. (3.20), (2.11), and (2.16), we obtain
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Here, factor A can be estimated from analysis of o (y" N) cross section. Since
the gluon density increases when z decreases, A slowly increases with decrease of
z[6]. Forz ~1073% A= 9.

It is instructive to represent ¢.-r in the form

d
Oyep = €2 f ¥2(n, b))

Here, of T is the cross section for the interaction of a colorless small transverse
size gg-pair with the target T

(3.21)
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N, -afi(b?). (3.23)
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This expression was obtained originally in [7,8]. As usual, N, is the number of
colors, and the Casimir operator of the SU(3) group in the fundamental repre-
sentation can be easily calculated:
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Combining all the numbers together, we finally obtain:
3
Aol = %52 [Gr(x, A\/b?)] a,(A/b2). (3.26)

Here b = (b — by). This formula describes the essence of the color transparency
(CT) phenomenon (cf. discussion in [9]): ¢¢ configuration of a small spatial
size has a small interaction cross section. However, for sufficiently small z, the
interaction becomes strong due to the formation of the soft gluon field. In this
respect, €q.(3.22) predicts the interaction of a small size configuration which is



qualitatively different from that of the models of F. Low [10] and J. Gunion
and D.Soper {11]. The fact that o3 is proportional to the gluon distribution
in eq.(3.24) increasing in the small-z region, has important experimental conse-
quences, €.g. it makes it possible to observe the small-size quark configurations
at HERA in the electroproduction of vector mesons at small z. In fact, eq.(3.22)
can be inferred from a formula derived in ref. [12] within a model approximation
to QCD. Using some simple tricks, one can also obtain eq.(3.22) from a formula
obtained in [13] within the leading o, In & approximation of QC D combined with
some beld assumptions concerning the parton model structure.

Using (3.19), we can calculate distribution over cross section for the fast
photon or pion projectible for small o (cf. [7]).

4. DISTRIBUTION OF P,(¢) FOR THE PHOTON PROJECTILE.

In the previous section we have derived eq.(3.22) which expresses the ¢..7
cross section in terms of the light-cone wave functions of the virtual photon
9*. This formula gives us the possibility to calculate another useful quantity
- distribution over cross section. It has been understood long ago [14-16] that
many features of the interaction of a fast projectile can be described in terms
of distribution over cross section. An important advantage of such a quantity is
that it accurately takes into account diffractive processes. Properties of P(¢) have
been discussed in detail in [17]. So we restrict our consideration by a calculation
of Py-(c) at ¢ — 0,

By definition, the experimentally observable total cross section in terms of
P(a) is given by

Oy N = /P.,,-(o')ada. (4.1)
Incorporating here eq.(3.24), we can write
dv rdb?
€04 N = 62/¢?’.(n,b)ENca—E;-da. 4.2)

Since eq.(3.24) is applicable for small ¢ only, comparing eqs.(4.1) and (4.2), we
obtain

wdb?
do '’

Py(c —0) = jezwﬁ.(u, b)%Nc (4.3)

where - (n,b) is defined by eqs.(3.18) and (3.20). The functional dependence
of b on ¢ in eq. (2.3) should be calculated from eq.(3.24).

Eq. (4.3) predicts a rather complicated dependence of P(¢) on Ino at smalt
a. However, this dependence can be easily calculated using QCD evolution equa-
tions. The distinctive feature of eq.(4.3) is that

1
Pye{o = 0) |g—o~ = up to log(e/ag) terms. (4.4)

5. TRANSITION TO MESONS

The virtual photon wave function ,(n, r:} (1.19) can be written through a
dispersion integral

S dixc?
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is the wave function of a non-interacting §¢-pair with invariant mass k. Due to
interaction between the quarks, the spectral density of the dispersion represen-
tation (5.1) is modified and, instead of the free-quark approximation %I¢(n, &),
one should use a sum over resonances, the p-meson being the dominant feature
in the low-« region:

wzﬂ(n, K:) — gp¢z(ﬂ)6(n2 _ mﬁ) + wziyher atates(q,x) (5.3)

where g, is the magnitude of the p-state projection onto the electromagnetic
current. At large x, the resonances are wide, and their sum rapidly approaches
the free-quark value, i.e., one has a perfect quark-hadron duality. For sufficiently
large @2, the dispersion integral is dominated by higher states, and the free-
quark approximation is completely justified. Decreasing 2, one would observe
mismatch between the free-quark calculation and the dispersion integral over the
resonances. Such a situation is well known from QCD sum rules: the difference
between the resonance and free-quark spectra is described by power corrections



(1/Q%)". The usual procedure is to approximate the higher states by the free-
quark contribution (“first resonance plus continuum” model)

zigher atatea(nl ﬁ:) — 9(!(:2 > 53)’!’5‘1(7}': E)

where s is the effective threshold for higher resonances in the p-channel and then
fix its value by the requirement of the best agreement between the two sides of
the resulting sum rule

A R R D Y

After fixing s from the magnitude of the power corrections Ay /(Q*)V, one can
take the limit Q% — co to get the local duality relation

rotf(n) = [ witn e (5.5)

In other words, the p-meson wave function in such an approach is dual to the
free-quark wave functions integrated over the duality interval 0 < k2 < s5.

For the forward virtual Compton amplitude, the dispersion representation
can be applied both for the initial and “final” virtual photon. Taking only the
p-meson contribution in both dispersion integrals one would get the amplitude for
the pT" — pT scattering. This idea can be also used to study the pion diffractive
scattering.

6. CALCULATION OF P.(c — 0).

To analyze the pion scattering, we substituie the electromagnetic current by
the axial current in the original amplitude, i.e., simply add 45 in the current
vertices. For massless quarks, the final result has the same structure as that for
the vector current. Of course, the gg-pair wave function would have an extra ;.
The vertex function for the transition of the axial current into quarks with four
momenta r; and rq Is

U(r)vu1sU(=r2)
Vz(l—z)

The projection of a single-pion state onto the axial current is specified by the
7T — pv decay constant fr:

~ 2ry +12)4 - (6.1)
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Hence, we should take the amplitude ~ P, P, corresponding to the longitudinal
polarization of the axial current. Again, the transition from the virtual ampli-
tude for the currents to that involving the pion can be understood in terms of
the dispersion representation and quark-hadron duality. In other words, below
the effective higher state threshold sJ, one should substitute the free-quark con-
tribution by that due to the pion pole:

VEn(m k) = au (fr¥e(m8(x® — m7) + 8(x > s5)67(n, ) . (6.3)

The local duality prescription gives a correctly normalized wave function provided
that s§ = 1672f2 ~ 0.67GeV2. Of course, one can use a pion wave function
different from that given by the local duality. However, the duality considerations
Justify the use of the effective two-body wave function (see [18]).

The actual calculation consists of the same steps as those leading to eq.(3.25).
For a small-size configuration, we get the following contribution . into the
scattering cross section o}’

2 dnd?b N
4dr

boen = [ 10 () (2 6.4)

Effectively, the vertex eyn.+/N, is substituted by the pion wave function. Rewrit-
ing born as

_ _ db? . dn
60',[-;\,' = P,(O')da’ = E]IIJ),—(I],I))' TUdO' f (65)
we obtain:
= db? 247
P~ 0= I [ loetnp ~ 0P, (66)

where ¢(b%) is given by eq.(3.26).

Thus, Py(c — 0} is determined by the pion wave function at the origin of the
impact parameter space, or, what is the same, by the integral of the momentum
wave function tx(7, ;) over all transverse momenta r,. This integral formally
gives the pion distribution amplitude

wx(n) = ju’)w(n, re)dry.

(2n)?
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However, in QCD (and in any theory with dimensionless coupling constant), this
integral diverges. The standard procedure is to supplement the integral with
some renormalization prescription characterized by a cut-off parameter u, i.e.,
wr(n) = ¢x(n,1). In fact, the Fourier transformation from the momentum to
the impact parameter space

d*r
w?(’?: f¢7(77: rf) (2 )‘2
for small & can also be treated as a particular cut-off prescription with 1/b playing
the role of the renormalization parameter . In the & — 0 limit, one encoun-
ters the singular log(b%) terms. It is exactly the logarithms which generate the
evolution of the pion distribution amplitude. Summing the logarithms by the
rencrmalization group methods gives, for small &:

1 b2 2 Tn /280
o8 A) (6.7)

_ _ 3/2 _ 1]
d}‘l'(n! b) - T](l n);ancn (217 1) (log b2A2

where (i — n)ngz(Qr) — 1) are the eigenfunctions of the evolution kernel
(03/ 2(217 — 1) being the Gegenbauer polynomials), the anomalous dimensions
In are its eigenvalues and By is the one-loop QCD S-function coefficient. The
by-parameter characterizes the onset of the perturbative evolution. The coeffi-
cients a, are the Gegenbauer moments of the pion wave function at this scale.
Note that the anomalous dimension of the axial current vanishes (yo = 0) and
all other +,,’s are positive. Hence, after the renormalization group improvement,
the limit b — 0 is well-defined in this case and

¥r (1, b = 0) = VA8x frn(1 — m), (6.8)

where fy = 92MeV. The absolute normalization of the pion wave function for
b = 0 is fixed by the matrix element of the axial current:

f el ry) T2 d”" L ‘/"_c (6.9)

or in the impact parameter space (see eq.(3.20)

/u’),,(q,b: 0) g_z _ j}% (6.10)

In other words, for the pion, the singular logb terms sum into harmless
(1/log 82A2)7»/28 factors vanishing in the b — 0 limit. As a result, the -
dependence of the pion wave function ¥, (%,b) in the formai & — 0 limit always
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assumes its asymptotic form ¢, (n,b) ~ n{1 — 7), irrespectively of its shape at
the scale bg. Tt is natural to expect that by is related to the scale characteriz-
ing the magnitude of the nonperturbative momentum distribution in the pion.
The momentum scale pg = \/Eg 7 0.8 GeV suggested by the local duality is
rather large, and there may exist a transitional region of distances b ~ by small
compared to the pion size but not small enough to produce sizable perturbative
evolution effects. In this case, one can try the n-dependences of ¢x (5, b) different
from the asymptotic form. In fact, the integral

I= j [, P 6.11)

is rather insensitive to the evolution effects. If we take the asymptotic wave
function (6.8) then

Pe(c = 0) = (6.12)

Assuming that, at the scale b = by, the p-dependence of the plon wave function
corresponds to the Chernyak-Zhitnitsky [19] ansatz

Y72 (0, b = bo) = 5V48x fr (1 — n)(1 — 2n)?, (6.13)
we obtain
Porb=bo) = ot (6.14)

Thus, in this case the evolution would decrease the integral I by ~ 20% when b
changes from by to 0.
Taking the asymptotic result, we get:

§___fr (6.15)

Prlo = 0) = 5 o eGne. /5D

Distribution Py (o) was determined in Ref. [7] from the analysis of the soft
diffractive processes for Ey = 200GeV, see solid curves in Fig.2. In the limit ¢ €
{0}, we can compare this result with eq.(6.14). The applicability region of this
equation is restricted by several conditions. First, z.ss should be small enough
so that the average longitudinal distances in the scattering process 1/2myz were
larger than the nucleon size, which corresponds to # < 0.05, Furthermore, the
virtualities in the process should be large enough so that one can apply pQCD
which corresponds to the requirement QEH > 1 —2GeV? In our analysis we

13



also neglect the b-dependence of the wave function of the ¢g¢ component (this is a
higher twist effect), which restricts consideration to & < 0.5fm. In the numerical
calculation, we use GRV parameterization [20] since it describes well the parton
distributions down to Q% ~ 1.5GeV%. We present results both for the leading
and next-to-leading order GRV parameterizations, see dashed curves in Fig.2.
Difference between LO and NLO results illustrates range of uncertainties of the
current analysis. One can see that the results of our calculations are in qualitative
agreement with the phenomenoclogical results of [7].

Another interesting feature of our results is a substantial energy dependence
of P(c < {o}) on the incident energy due to a fast increase of zGn(z, Q%) with
the decrease of &, see Fig.3. This reflects the fact that the probability of point-like
configurations in hadrons decreases with the increase of energy. Further diffrac-
tive data (preferably at higher energies) are necessary to get better information
about Prn(0).

Since the existence of configurations with small spatial size has been confirmed
experimentally in the energy dependence and absolute value of cross section of
electroproduction of vector mesons, we consider the above result as a reflection
of soft matching between nonperturbative and pQCD regimes.

7. SUMMARY AND CONCLUSIONS

In this paper, we applied a pQCD approach to describe the basic features of
the high-energy interactions of a small-size §g configurations with a hadron target.
This interaction is proportional to the gluon distribution function Gr(z, Q?), of
the target and, hence, the cross section is enhanced in the small-z region. The
dq configuration can be described by the wave functions whose particular form
is determined by the projection of the initial particle (v*,p or ) onto the §q
component. For small o, we calculated the cross section distribution Py(c) for
the pion and demonstrated that it is rather insensitive to the specific form of the
pion distribution amplitude.
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FIG. 1. Leading small-z contribution to the forward virtual Compton amplitude. — 0.06
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[ FIG. 3. Incident momentum dependence of Prp(c) for small o calculated using eq.
(6.14) and GRV NLO parameterizatio [20] of the gluon density.
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FIG. 2. Comparison of Prp(o) calculated in pQCD using eq.(6.14)) and GRV param-
eterizations [20] of the gluon density and fits based on the analysis of the soft diffraction
data [7].
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