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L ISTRODUCTION

Hecently, heavy hadrons have come under rather heavy seruting [1-8]. This
has been largely dus to the realization that, in the limit when the mass of one
of the quarks in & hadron becomes infinite, symmettios above and beyond those
usually sssociated with quantum chromodynamics (QCD) result. These mew
symmetries have been wed, for example, to obiain relations among form factors
for electrowesk decays. When applied to the specific example of B — D transi-
tions, the framework of the beavy quark effective theary (HQET) that has been
i'mm%l.lad [1-6] allows an extrsction of [V,y| from data in & modsl independent
way [7].

In practice, neither the charm nor bottom quark are infinitely massive. This
means that one should perform expansions, with the inverss of the quark mhass
werving as expansion parameter, Such an expansion introduces new operators
into the éffective theory, and Lhis effective theory must be maiched onta the full
theory (QUD) at every step in the expansion [8-11]. Matrix slements of the new
operators will then be described by form factors, which nesd not be related Lo
the form factors that describe the leading crder matrix clement.

Ome would thus expect that any leading-order predictions should be modified
8 ofe proceeds Lo higher order in the 1/mg sxpansion. If the effective the
ory makes sense, these higher order contributions should become progressively
smaller, so that the expansion converges. ‘The 1 /my, corrections for 8 b — ¢ transi-
tion fall into two classes, charscterized by the two parsmeters Agepfmy < 10%
and (e () /w)(m. fmy) ~ T% which are small encugh to jusitfy an eXpas:
sion. The corrections proportional to 1/m, are given in terms of the parameter
Agop/m. which lies in the range 20 - 30 %. This i still small enough for an
expansion, but it may be necessary to include higher orders in this parameter,

The akm of this article is Lo point out that there is & tlam of predictions thai
wre protected from any 1/m, corrections (in & — ¢ transitions), to any order in
the expansion. Thia means that for such predictiona, earreclions are of arder
1wy, which are considered safer than the carreaponding 1/m, eorrecthons. The
"prodecied ' predictions we discuss occur for tramsitions hetwess baryona, so that
they will mot be immediately testable.

These predictions are modified by QCD radistive correcibons of the ar-
der a,(ms), and by recoil correctioms for the b quark. The Istter fall
into two classes, One class contains correetions of order (hgen/m)" and
tﬂqgnfﬂ“}'{&wnfﬁc}l. which are srmall ﬂ:ll:l'l-Plﬂd o radiative correclions
and thus may be meglecied safely. The second class are eorrections of order
(s fw){m, fmy) which may be of the arder of 10%, Howewer, like the QOO ra-
diative corrections, these may be systematically caleulated. T

In the next section we discuss heavy-lo-light transitions, and show what soeme
al their implications are for Lhe corresponding heavy-lo-heavy transitions. In
section 111 we examine further consequences for the semileptonic decayn of the
Aw, by working to order 1/m,. In section IV, we present a proof of the resulia
of section 111, valid to all orders in the 1/m, expansion. Section V deals with
the eorreclions Lo the protected prediciions. In section VI, we examine some
comsequenced for two-body nonleptonic decays, snd in secticn VII we present cur
conclusions,

I HEAVY TO HEAVY VERSUS HEAVY TO LIGHT TRANSITIONS

Let s focus on the transition of & A; into o A, mediated by a current of
the form ETb, where I' is an arbitrary combination of Dirac matrices. At mass
scales o > my both quarks are treated as Eght and the number af imdependent
form factors is given mainly by Lorentz covarinnee considerations. At the scale
M = mmy the b quark in replaced - to leading order in 1/my - by & static hoeavy
quark hf':' and the matrix element we have to consider i seales Mg % ETy
is of the heavy to light type, for which heavy quark symmetries already Fredipre
the number of form factors. This is illustrated in figure 1. 1t has been shown in
(17] thal this heavy to light transition, Lo beading order in the 1/my expansion,
e given in terms of two form fecbons,

f:ﬂ.e-[p":l |-Erh[,|':'|.l'q['n]> = &{p') [Fule - ') + pFii - #')] Fuiv). (n

Eq. (1) halds up to corrections of the order Agep /my and (o, (my )/ =) (m, /mq).

At the seale p = m, the ¢ quark is also integrated cut and replaced by o static
quark A5, Matching the two effective theories at the scale u = m, one finds, to
leading order in 1/my and 1, [12-14],

(Aetw) (BTN Aate)) = o - o)atw' o), (2)

However, as is clear from the form of (1) the matching at the scale p = m,, to ang
arkifrary erder in the 1/m, erpamrien will at most introduce two form factors.
Note that this statement is independent of the particular form of I'. Furtbermars,
it is not affected by QCD radiative corrections of the order gl ) which arise
from the matching at the seals m,.

In the following we exploit this statement to obtain relations which are “pro-
becked against 1/m, corrections, fe., to find relations which are valid o leading
order in Agen/ing and (o, (m ) w)(m, /my) snd to all oeders in Agonfm,.




Figure 1: Ay = &g ot the scale my < g < my. The thick line represents the
effective heavy quark field L

IIl. DEMONSTRATION TO ORDER 1/ M

To be explicit, bet ws examine the matrix element of the left banded current
I'= y5(l = ). The leading order (in the 1/my expansion) hadronic matrix
element for the Ay — A fo dechy, treating the charm quark as light, is given in
eqm. (1). This form is to be compared with the most general form of the matrix
element that ean be writben, based on Loventz imvariance, which is

(Al ) Era (1 — 1) ¥ Aalp)) = G(F) [ firw + ifamund”™ + fodu)
— (g 7e + " + gugu) 'I"l-] i (3
withg=p-p.
For later comveniencs, we pocast this into n slightly different form aa
(Aelp) 1Eva (1 — a) B Aulp)}
= #p") [1u [fi = falma + ma ]+ pu o+ o) -l (s - fi)
= {7 lnn + 93 (ma, = mn, )] + pu (93 + 93) = B (93 — ) } ] wip)
= 6lp') [Five + Fave + Farl, = (Grvs + Gave + Gavl) ] nip). (4)

In terma of the F; and G, the f; snd g; are

1 F T
N --Fl'l'it“ﬂu. +mu,l{:m.+—').

A,
1 Fs F 1/ Rm B
f==5('n::+;:}~ f*-a(z‘mJ

lllﬁl--;li“.l..-m:..]'[::—:u+%).
1/ ¢ G =18 _ 6
=it ) m= (- ). ®)

In eqn. (3), one quantity of experimental interest is G4/ Gy, defined as

Ga _ml* =0
E:hIJ?_J.[ =) (6)
“The six form factors of eqn. (3) may be written in terma of the two form
factors of equ. (1] as

h=n=1":+::'h.

|
fizsh=n=n .Fr (7

Mols that the factors mhjmﬂ_‘ and 1fmy, are of purely kinematic arigin and
mre pot related to corrections of order 1/my. Thus, to bkeading order in the 1/my
expansion, not only is8 G4 = Gy, but in fact gy = f; over the eatire allowed
kinematic region. This prediction of HQET is obtained at scabes my < p o< my
where the charm quark is treated as a light quark. AL g = m; this quark s Bow
integrated cut and a 1/m, expanston is performed, Matching the two effective
l.hm.rluup = i, must leave thess predictions in.vinhh,uhlﬁthj' aider, Lo all
orders in the 1/m, expansion. Furlhermore, egn. (7] tells us that the relaticna
Ja = @ = fa = g3 must also be protecied from corrections arising in the 1/m.
expansion. AL leading order, the form factors of eqn, (2) lead to the relations
hi=gm=n fa=93=fs= g3 =0, 8o the relationahips are satisfied.

In the wark of Geargi, Grinstein and Wise [0], it has been shown that to order
1fm;, no additional Torm factors arise in the description of this malrix element,
and that the corrections may be expressed solely in terms of & dimensionful
quantity & = ms, = m,, The form factors f; and g; are given s [§]

jlnﬂ:q[]-l-:u-n"—:%],
x
h=h—§:—h—ﬁm (&)
where we have defined
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and indeed the relaticnahips of eqn. (7} are preserved Lo this order. Led us now
prove that these relationships bold Lo all erders in the 1/m, expansion.

I¥. PROOF TO ALL ORDERS

To sze how the relationships of egqm, (7] are pressrved to all orders in 1/m,,
bet s first consider a local term that may arise in the |/m, expansion, due to
e operalor £, Such a term can be writben

(et [0 TRE| Aaf)) = M wl). (10)

The matriz A coniaing all the new form factors thal may arise due Lo the
operatar . The key point to note here is that, since 7y arises in the 1/m,
expansion, it mesd appear on the fefl of the matriz I'. The “form (sctor matriz’
M will contain terms thai refleck the Lorentz siroctare of the operator £, In
particular, it may contain Lefma proportionsl to §°, However, aince &y )" =
('}, sach terms may be simplified without commutation through the I'. Thus,
there will he po o' terma that reflect the Lorente stracture of the T there will
be no ¢ terms thai have the Lorents indices amsociaied with I'.

For the non-kecxl operators, a genesic term may be written

(a.{-':llr J|Ir dizdy... (Woabl) (2) (B0l ().
= (RE'TADY) (0)] Aa(s)} = s’ )M Tu(s), {11)

M=o () m (125 (12)

and #y ban the same Dirac struciure as O, ete. As before, the key point ks thal
all of the new operator inseribons only have meaning when they appear on the
left of ', Thus, & before, po & terms carcying any of the indices of ' will sppear,
In the case of mixed local fnop-local terms, such as the one shown in figure 2, cne
can see Lhal Lhe argiiment proceeds in exaclly Lhe same manmner.

These reaults mean that in the case of I' = 5, (1 = 75), the matrix element
will contain no terms proportional bo o), o that Fy and Gs both vanish. In terms
of the Form factors of eqm. (4}, this means that fy = fy and g3 = ga, to all orders
in the 1fm, expassson. To see how Lhe other relationships aries, it & sufficlent
Lo consider a gemeric matrix element thal may arise at order I._."m:,'#mI;_El.'_r
be written &

where

M= ale') (ol + F=g) 3 (1 — 1) ulv), (13)
In writing Lhis form, we are making use ol the spin symmetry which still exists for
the heary b guark o relate the vecior and axial vector form factors. In addition,
the form written in equ. (13) s valid for the matrix element of any operator that
may arise in the expansion.
[ &

Figure I Dingrammatic representation of a typical term that may arise in
the 1/m, expanson.

The eontribution of such o matrix element to the form [actors of eqn. (3) =

=)
ﬁn.h:’{nﬁ:uln‘_l_ :_::#:n-!. ﬂ-] =an!l=-lﬂa-:|=j§n|‘=§:. ”_1}
Sines all the contributions to thess form factoms will satisfy the above relations
at any order in the 1/m, expansion, and the overall matnx element s simply
abtained ss the sum of individual terms, the form factor relationships of eqn. [T)
are satisfied to all arders in the 1/m, szpansion. In sddition, it is clear that to all
arders in this expansion, & total of two unknown, non-perturbative form faclom
are needed to describe the decay Ay — A, However, each form (sctor will peceive
comtribitiens from many diferent matriz elementn, and it may be convenienl o
treat some of these as independent entitbes. Mevertheless, the relationships of
eqn. (7) will still hold,
Somewhal surprisingly, much of what we have ssid shove can be applied io
the 1mg expansion s well. A typical matrix element in the 1/my expansion will
have the form

M = e (1= ) (214 8 uts). (15)

Such n term i3 represenied by figure 3. Hers, we have ussd the spin symmetry
of the charm quark to relste the vector and axial vector form factors as before.
The comtribution Lo the form factors of egn. (3) from such & term s

T
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jli]='.1l:l=:lP+ﬁp{]1ﬂ==—g§}=—j§}=|1:'-%.
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Figure 3: Dingrammatic representation of & typical term that may arise in
the 1/my expansion.

¢ -, & a—

Figare 4: Diagrammatic representation of & typical crossed term that may
arise in the 1/m. and 1/m, expansions.

We may again invoke the argument of sdditivity to claim that f; = g o
all orders in the |/m; expastion as well. The relationships among the other
form factars remain & simple as before, but have been modified. Combining the
resulls for the 1/my and 1/m; expansions (with oo crossed terma of the form
(1/me)*(1/m.} i, = 0, (One may think of this as summing all disgrams of the
form of figures 2 and 3.) }J, leada ua o the conclusbon that

: ma s,
- - £ "
fi=q=a4 +ﬁ‘m— +1r—ﬂ..

e Lo ¥ A
fs-h-ml'!'"—;;. I:EH_“‘M_E' (17

These relationshipa are explicitly broken by the so-called cromed terms such an
the ame repressnted in figune 4, which are of order (1/my (1 m, ¥,

V. CORRECTIONS TO THE (1/Me)” PROTECTED PREDICTIONS

QCD radiative corrections to the ‘protected’ predictions arise from one boop
matching at the scale g = my. Thess matching contributions change the leading
order relations betwesn form factors since, at the one loop level, an additional
aperator appears. Tt has been shown in [4] that the one loop matching ak g = m,
requires replacing the arbitrary I' matrix in (1) with

r— - 2, e, (18)
Usimg this expression, we may calculsie ihe corrections Lo the vector current. We
albtain
() Vol Aalo)
=) [(Fiw ) - Fatw ) (1 - 2520 o,
+ (Bt o)+ 205 ] ) (19)
The resulting corrections to the standard representations of the form factons
REE
= (File-#) - o) (1- 242)
+(142%) (Bt 1)+ 260 1),
fi= o (Ao + 2™ e ) = o (20)

Similarly, the axial vector current form fetors betome
o= (Ao + Fae-97) (1- 240 )

- (1-28) (Bto- ) - 21,



" .[wh -
= o (ﬂ: gy - 2] ﬂ] {21)

The corrections to (74/(Fy now depend on the ratio of the form factors at
gero momembum tranaler,

e Bl e - (22)
] _';H_L
This besds ia
f‘;_: L u',E.’:']:::':,:* + Ofad(my)). (23

Eq.(23) depends on the ratio v which i an wnknown number, Howsver, il we
ssaumme thal v B positive we may oblain limits on the size of the corrections by
using

Mg, . Trg, + My, . M,

=B et Sl T Tl e 294

e i T (24)

w0 thiak 0LBS o (74 /0y < (098 for positive v, 1T the heavy quark expansion is valid,
one expetis ¢ to be small, so thet 4 /Gy should lie near the upper end of this
range. For negative r the QUD corrections vanish for r = =my fmy, and may
hecome wery laege if r ~ —my, fmy, . However, in this limit, the leading order
contributiona to (74 and 'y vanish, and the expansion is rendered questionahle
ut bost,

As i obwicus from the form of eq.(1) there are oo QCD radiative corrections
at the scale a,;(my), at any order in the 1/m,; expansion. An explicit calculstion
ol thess corrections bns been performed in [15] for the form factors. Howewer, an
has heen pointed out in [15], the relations belwesn the form factors remain intsct
sisch that 7 4/ = still anity.

Tt has been shown in [9, 15] that the leading order corrections in Ageop/ms
vanish for &4/ Gy, Our arguments above suggest that sach correctbons wanish
to all crders in the 1/my expansion, Recent results of Falk and Newbert [16]
confirm this claim at order 1/m], and show that the leading correction appears
at arder Ad-p/(m.my), which ia small. Note, however, that in their treatment,
Lhe kinematic mass factom of eqn. (5) are also expanded in powers of Lhe quark
mans, 5o that 1/m? and 1/m] terms do sppear. We smiphasize that no sech terms
appear a8 & tesult of pew operator in the heavy quark expansion,

4 QEI] radintive corrections Trom the mu.h‘ hetween my and m, will induee
contributions of arder (o, /%) (mfmy ) In(m, /mg} which are caleu i n_%;
temnadic way. The lowest order calealation hes been performed in [4]; lﬂt-n;

rimults of ths paper the corrections of this type lead to & chunge in G4/ Gy of
—T%.

Cme may also integrate out the b and the ¢ guark simulianscusly at some
inlermediate scale my > g 2 me [6]. This methed hes the sadvantage that one
may include all powem aof (m,/my) at the price of & scale ambiguity in Lhe sirong
eoupling constant. Using the results of [17] one may caloulate the form factor
ratio gy f fy for g7 = 0 which corresponds o v+ = (2% +1)/{2z) where z denoles
the mass ratio 2 = my, /my. Inserting this we cbinin

Gu _y _ doulp) 2z

e e R T i
_ ayip) {=+ltl+-’lh } (25)

a2 1=

The firat apder o, tetmm ol finates from & mas independent term (e, & term ol
order o, (p}) that armes due Lo the different one koop matching of the veclor and
the nxial vector eurrents, The second term ofiginates from corrections of order
(o, () S lime frmg) and (o {u)fx}m; fme) ln{m, fmy). Bolh terms yield sizable
eorrections but with opposite signa, For g = m, [o,{m,) = 0.40], the firt term
gives a correction of 14% lo G/ Gy, while the second ome gives —20%. For
pom oy (e (my) = 0.25) we bave 9% from the first and —11% from the second
termi. The corrections from this approazh therefors give

g‘ =1+ (3-8%, {26)

whers the actual sizes of the corrections depend on the choice of the scale u

VI IMPLICATIONS FOR NONLEFTONIC DECAYS
As an application of these comsiderationa, bet us examine their implications
for the two-body nonleptonic decays Ay — Acx and Ap — A D, where we are

using the lightest and one of the heaviest paeudoscalars allowed. We may write
the decay amplitude as

Ma—ar =cilp)|A + By] ulp)
=dule’) [fidr + famk — puden — parbm] wlp),.  (37)
where pp is the momentam of the pasudoscalar meson, mye is ils mass, and ¢ and

¢ contain &l ollr non-sssemtial fnctors like (e and V. The scond equalily
assumves thal the amplitude can be fsctorized in the usual way. From the above
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discuasion, if we consider all ordera in the 1 fm, expansion, this may be rewritten

Mpy—nor = cil{p'} (Fide + famp ) (1 = 75) wlp). (25)

If we ignore the corrections we have discussed sarlier in Chis article, and trest the
A m a light baryon, then the relationships of eqn. (7) apply, and we obtain

% LR
A= (- ma) (Rt P - B,

) - PE
8= (m, + ma) (Pt 22o5,) - MR, (29)

When the meson is the pion, we may safely ignore its mass, and the above
amplitude becomes sven simpler. One immediate consequence of this simplicity
is that ome can predict the valuea of the spin parsmeters tobe o = =1, f = 5 = 0,
to all orders in 1/m,. Note that & = 0 because the form factors are real, and we
are ignoring final state interactions, Including the mam of the pion changes these
predictions, but only at the 0.1% level. This means that, should these parametem
be messured for the decay Ay = A, any deviation from these predictions must
be due Lo some soures ather than 1 fm, terms. Swch sources may include terms in
the 1/my expansion, or pomible corrections to the faclorization approximation.
From the discussion of the previous sections, we expect the largest corrections
of the former iype to be of order Af-p /(m.mg), which in expected to be small.
Al the moment, we are unable Lo estimate the sizes of any possible factorization
corrections,

As noted previously for the A. — Ax decay [18], the prediction of & = —1
bolds as lang & the ratlo of form factor, r = FyfFy, is such that we are far away
from the pomible seroes in the expressions for 4 and 5§ above, These geross ocour
mear F o= =g, and from the discussion above, the lesding order coptributions
@ fi, g1, A and B all vanish near this value of r. It would be surprising if this
value were adopted by Nature since, if the charm quark is heavy, r = 0 at zeroth
crder in 1/m.. If the heavy quark expansion bolds, ome expects that Fy should
receive ‘small’ contributions, and that the ratic r should still be small, Thes,
one intuitively expects that for the Ay — A.# iransitions, we should always be
far away from the “critical” value of r. For Ay = A, ¥, one therefore expects that,
modulo ssumptions sboul factorization, the prediction o = —1 & valid to all
orders in 1 /m,.

" 'The situation appesrs Lo become less straightforward when we consides the
0. Clearly, ignoring its mass should Jesd to large errors in any predictions that
el b pncde. Wowever, if we pow ssmume that r = |Faf Fy] < 1, an assumption

I3

that iy based on the arguments of the previous paragraph, we obiain the results
shown in figure 5. This figure ahows that despite the large mass of the D, meson,
one can prdiet that e < —0.9. More importantly, these resulis again abow that
large devintions from the leading crder predictions will not reflect problemas that
ariee im the |/m, expansion, bul rather hint at the impostancs of other effecia,
siach &8 1/m; terma, or corrections o factorization.

] r —
L] ——

@ - J

dd - -
g B

anr F

a —— —
-LiF &y l'-b L5 [ ]

Figare i o sad 3 for the process Ay — A0, ss & function of the ratio
r=F',,|"F'|-

VIL CONCLUSIONS

In the previcus sections, we have shown how we can use the the description of
mintrix elements for heavy to light transitions, in HQET, to make statements for
the corresponding heavy Lo beary transitions. In partbcular, we have shown that
same leading crder results are in fsct valid to all orders in the 1/m, expansion,
where m,; here denotes Lhe mass of the lighter of the bwo heavy quarks involved in
the transition, We find thet some of the relationahips are preserved to sl orders
in the 1/my expansion as well.

All of the predictions we have analyzed have been for the heavy A Lype
baryons, as these are (the simplest objects in HQET. In particalar, one of the eru-
cial features is that each heavy A is alone its spin-symmetry multiplet, Clealy,
one may attompt to artive sl slmilar predictions for other hadronic states. For
inslance, such predictions would be of prime interest for the corresponding de-
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cays of heavy mesons, The complication that arises s that in the beavy quark
lirnit, the spin symmetry multiplets of the mesons, for instance, contain mesons
of differing spin, which must be trented differently when the 'heavy' quark is no
konger heavy,

Dempite the complication with the spin-symmetry maltiplets, some useful re-
lations may still be obiained if one considers other baryon decays. In the 1/m,
axpansicon, the discussion s very mach the same as in ssction 111, so that no new
o" lerma carrying the indices of the T' can arise, For mesons, on the other hand,
it s mot clear whether any pr-n-l.ul.-ad 'p-:l:edi:l.i-unl can arise. lndesd, ihe Lrsce
formaliam thal ia used for caleulating matrix elements hetwesn misons suggests
that it is uelikely for such predictions bo exisl. Howewer, the gquestion certainly
warrants further study.
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