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Stephen B Sharpe !

Continwons Electron Beam decelerator Foetlily
Newport Nems, FA 37608

Abstract

| dewedop & dlsgrammatic metbod For caleulabing chirsl logarithms in the
qurached approsimadion. While nell rigotoes, Uhe melbod i bised oa physically
resscnable sammptions, which can be Lasted by rumericall ssmalstions. The main
rewalis age (hat, &l leading ordes ia the chiral exspansion, (&) ibere are po chiral
logarilbms m queached [, foe m, = my; |b) the chral logarilhes i By sad
pelated kavn |- paammseiees are, for my = o, Uhe same o the qoenched s ppevai-
madion s in e full Ueory; [c) for my and the condemaate, Uere g e bk chieal
logarilbms due ko loops coniaming Lhe §', which lead o & peculisr non-sralylic
af ibese guaatilies on the bare quark mase. Followisg the work of
Gusser and Leatwyler, | discess how there in . preaficiabis fréte wlwme depea-
dener amocisled wilk each chizal logatithm. | compare ihe revalling feedictions
with sumerical pesnlts: for most quentidies ihe sxpecisl solume dependence i
srmialler Uhan (he sivees, bal for By and By there is an observed depenideiss
which i romaisient wilh the prediciion.

April 1993

'Formaprsl sddram Fhpso Deparorest, FHE-06, UVaismy of Wesbisglon, Geattle Wl 38005



1 INTRODUCTION

T'klm-—-hrhudu—mrjd’ﬂ-ﬂnpnbhmmtuhnlhh-d-
plibuades involving peeude-Gald & classic example in that the phop scaileriag
wmpliladen ot Lhreshald s relatsd to the pion decay comtant [1]

Trja=amt, few=l) = n?‘.}-+ Km?) . (K}

The cj wre kaown aumetical confanls which depend oo the iscapes | of the pisn pair, The
rooracticas of (fmd) &l into tes cleeses® thess kst see saslytic In Wiy, comig frem
i bemeling, berma in the chiral Lagrangiss [2); asd Ve non-analylic "chiral ogarithme® *
proparimal ko m! njm,]. Thess logarilims come from infrarsd deeergences in pren bops
|3, 4] They have ile imporiaat peoperiy Uhat Uy sre proporiosl be Uie lowesl onder Lerm
im lbe chiral expansion. For snsmgle, in e Bmil m, =my=0, , has the sxpassion 4, B

o= L= | L{m] + emi) . i
where b= chiral kegarithm in

o () ) o

{1 e Lo normalicstion sech Ukt [, = 5] Me'V.] Chiss) symmetry slone does mob detemmine
£ Ao g in Berl ¢ can e sbaorbed inbe &), bot doss fix the coclficient of be chiral log L.

I Uhe costimeum, chind logs we oedl o s guide Lo Use e of LUhe comreclicns Le e
leading order chirsl bebavioa, B the bogn sre large when oo lakes & ressonable seale & ~ o,
iben lbere i rodon Lo woery aboul Uhe relisbility of lesdag crder chivad predictions, The
upprosch bas been dakhen for example in Befs, [4] s (3],

O thee labiice, chiral loge see potenbially of greaber imporiascs, bacass ibey allow oza
o lenl whelber the conbribulion of pioa loops is beag cormecily described. These boops give
ﬁm-HHMhlhdIMH.Hm bt depuemidener ol emplitvdes oo
ml o Wi, w el very aselul, e il s dificull e discstangle s logueritbe from & power svie.
I i beiler o sludy Uhe voloms depeadence of the smpliteds. 4 explalped by Gusssr ad
Lautwyler [, sscrisled with sach chiral log I8 & bsowa vwolime depesdenl correciion. For
givan by Litaches [7],

Chiral logarshmic oonrections have been caboalaled for & suml=er of & guantities in QCD.
Mmedihﬂhnh_&ﬂhh—qm“&mml
thr condmmnate, and By, | bave sctended Ul caloulations o By aod 8. These sesulia
cah be ooneertal inlo predetioss of linile wleme degendencs For Ialiics simebstioes of full

THare w1 b Bolbowing I oflas s "pen” Lo gensrically s refer s all ol Ui s des. liistsnn
wr ihe pre, bnors and sin's s Wbe proeed soumpls, O] | iscledes ibe pastbibiy of G{w) =] ]

T borpon propevies s ol U fe-saalFii Lrme s et kagasicheme, bt s proporiissal o (el (157
Bl 1 do reod conmdien baryos progariss v

GCD, sad | give some exsmples below. AL pressel, howeves, moal lallics caloulaton of
Vheme quanlitics ust Vst secalied “geesched” sppeocmation, in which inlemal geark inspa
e mol. inchyded. muim,.-tunp-_u--q,wm-l.uhh
phon hoops pressat in full U sw steeal in Ut quenched spproximalion. The main foos
of Ukis artiche i be undersbind low 1o sdept Use caloslution of dalnal logarivkss in full GCTY
1o the quenched approsimation. This is dotss fere bor s quanisties jus mentioned, bui ik
metbiad can be exbended io masy other quaniitics. Thess pesslts allew oie 50 predicl Uks
Enite woleeme depeadence o geesched maliis elemenas.

In addition 1o Ussir disgaetic pewer, chiral fogs provide an estimabe of the visn of the
eised mbrodecsd by the quenched sppevximation. by most quanisties Uk chiral g haee s
Sfereni cosfBicienl in quesdhed sad full Lheories. Far sxample, il is shown balow Lbal ke
are w0 bending order chicsl ﬁhﬁihqﬂﬂm‘hmmuﬁ—}
fee full QCD, Exg. (3). Taking & = m,, she chiral log in fll QUD gives & % conieibetion
1o f,. This waggeeis thai Uhe abseses of chiral logs In Use questhed approvimatios shoskd
hiave s effect an o of Chis sise. Thin in & sggestion, sad wol & caloulstion, because Uhe
quaniitie [ and ¢ neal bl be U same s full sl quesched QUCD. Newerthelem, sven &
pooigh gusde is sselul sinces we have m few Gools o sladying Gbe effect of geenching,

The ides of caboalading chirsl logarithms in the guenched spproximalion wa fitl g
gesied by Morsl [B], who wea inspieed by auimsricl evideies of bon-saslytic Llema mml 'm,

e mbegrakbon owen qearks. H-d—ﬂh-ln-:“h:hrﬂ hp:lﬂ-tmnlhndﬂm
coupling, lasge dmsension limit, both for coler guoge groups SUN2) and 5073} In Rel [10)
I cowrecied arrors in Marel's rewult, Snding thal, for Uses oobors, Ukese were no quenched
chiral logs in Jf, o o, ln the lasge d, siroag cospling limil* Mo imperiasly, | showed
how Lha presenoe -ﬂ-:ﬂﬂnﬂhpuﬂihuduﬂmlbjnﬂjlumw
Itnlh-llrl-nllnul'l:l- meelhod™ Uhak | wie o this papet.
hul.utmrdwh Ubes albaaringg, this methad o neilber rigoroos mor systemadic. The

wgrenchad ampiiudes sre seviher mailary mor wnalyisc. NeverUlchom, an | docus in
% and 3, IL s peascosbls Lo ssume boih ihas chirsl loge sre pressat, aad thei they cun ba
calculatod using an adaplation of dhinal peurbation theoy.

The diagrammatic mathed @ alss not spstematic, |8 smounls b & w8 ol rales for dis-
careding ssine of bt dhisal perlurbalion ibeory dagrams, and foe changing Ue masses of
khe pionas thal sppesr o some of e loope of the disgrams thal s begt. Thess rules we

*Sincily spesieg Vi @ only b ol g = my e sl folow

*The rrasber sy b nombasesd by loe proiois s nemaling
dh—hﬂﬂtﬂ-ﬁt—lﬂhﬁl'—ﬁﬂﬂhlﬂ%

Ii
i
|
i
i

loge in s sed vy bow police SUCT), vven b Gha lsge d, sisoag cospling limii. Thess way seplem
iba parrerirel rwlis of Kol [l 5290 w epesial brwiee, sioo re wn Giokdsions baryves = well @
Lrcddintony i | Uen papre | comssder only Uhier i Sminee oolony.
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wm-.‘in-m.mh"-ﬁg. 1 do el kiow how Lo wrile Usesm dows
b gereral. Henard and Golierman [11] have recenlly cutlined s more systematic approsch
m which chiral perturbston theery in cxlesdod o inchide sbaley contining Moeels scalsr
here. | prafer 10w Lhe disgrammats method, hawswer, because I diplaps e wederlying
phyuica very clearly For maare camplicsbed calfubilies Beraand sed (ol lerman's mstbod
Bleely o0 be b Erri

A dificully with caloulations of quenched chirsl kganihme steins from the el that me
mmasnd Lot L Aavor singlel o' s @ peeuder Goldstone bosos. This in in contrast o Sl QOC1E,
st b i i bol & peewile Uoldslons boson becasse of e saial snomaly. B o el he
cenlribstions of y" lcops do not mtisfy U sessl peser cousting rules of chirsd parturkation
Useary, iin whick such new loop berings with it o power of m!. Thus corrections peoponioasl to
perereen ol In(img | an olrlaioed from Sagrama with sy mumber of loops. This i potentially
dinaslrous, bor i might sndermine the wpplication of quenched chiral pertursation theors
o all quasitess. As & Besl sibempl 1o undersissd bhe lesne, | bave smmmed ihe loading
logarithma, and End tbat they can be sbssrbed (o & chinge of definition in the quark
mazs. The valy obeervable effecis are Uil m,, (), and pelated quantities sbould have &
weak finite wolume dopeadence. More stody of Uis lasse b peguived.

Fortunately, it tarns sul ihad dhere are & clas of “safs™ quantities which wre nsensiive,
&% leasding aider, oy boops. Example are the decay constasts and kion 5 =parametens for
degenerals quarks. | conceskrale on bhese gusakiibes for sost of thin paper.

Ubsory, they are non-lesding in & combired chiral and lange &, sxpansisn. Purthermars,
Uiy cortribwtion i samerically small. Thus, from s practicsl goist of view, i @iy mike
seine o de a loop expassion, snd they bave bagun sich & progham.

The wark presenied bese was inspired by urmerical resslts showing wolume dependenis m
By and By [13]. It turs ot thal Usess cowsits wre described reassnably well by peadictionm
gFeen here. Presend caleulations of niber quantibies ape nol pel sccursbe mough Lo Gesil the

The vatliee of ihis paper i o follows. In the sexi Sectbn | recall some ussful srls
sboul Lk chiral Lagrangisn, snd discuss ils exbension Lo ibs quenched spprosimation. Ia
Gertion 3, | intrsddune the mclbod of calculating chiral loge in bl qeeached approsamation
uniieg Ll enample of decey cosatants, Seciion 4 exiemds ikin method 1o By sad the relaied
pasnmeters fy and By, In Section 6 | discss the contribatisn of g leops, and = Seclion
G | explain bew to predict U leading firise solume dependetce Trom Ube remslts for chissd
lgn. Thme predictions e crapdivabed wilh il diil in Section T, Bectlsn B coniaiim
e ool anions
| Birbed discimmion of some of U resulis of b pager have been gieen proviosly is sl
BX, W, IE, 15],

2 CHIRAL LAGRANGIAN

Chiral logarithms in full QU are most simply caboulated using the chiral Lagraagian. In
this section | first cullerd soime standard resslis, snd Ubes explain my assampliom for s

Useser iwrm mmolifiesd [ Uk qiienched appeocimakion. | s the notation of Hel [18], wd work
in Bechdens space. The Lagrangisn s

e=irn(aeart) - frem (ae o 2h) + opt, s a0, )

where £ = exp{Bie, T,/ [), the v, being the dur- Couskds k flds. The greup
genetabors T, wrw rormalived swch thal Te{T,Ty) = fiy. M is the spark mass matric, in
Lewmmn off b Gl pion mass matrix in (md)a = 4 TRl M T 7L The oo of L i demlical
fox niny member of Buwors. Flaver dependence eabers enly through Use numbsr of pions | 55—
lor Auvar SL W], s Ghrough the conatsmts [ snd .

la QU ihe mass matrix ba disgim,, my, m ) | will assme that m, = sy, whick s &
goad approzimation fer the ampBiudes | discom, s the Lerms that | drop are sippieseel
h'["l-i_lll”ﬁi_dhllhltllﬂ|bl!'|:l.1.ll.Hiﬂp|hlrl:.-tlriH.Ihlﬂ.rn'
oll-disganal sgenstates are the #®, with m) = Tuym,, and the kaors K%, Ky, By with m =
Hmfm].u&hhﬁww“u-r‘|T_-I',p.-ﬂ-':b'-.l-pq-nu
-rrihIhr‘.nd“quf.hﬁ},ﬂhrh:-!pﬂn-rhh

Tha leli- aandd pighi-baisbed quark curvenls can be wrilien a terma of £ bebds

Lu =T Jil4nly — PMTERED, 5
B = T fit-ni — {Pmrnelan . i#)

The Euclidssn space [Heae malfiom are hormitis sad asilsly [5,,9, | = L. The cxparsinn
of L, in serenn of Ube jpion fald i

b = =i (FoTBum) - 5 DTl o)~ 5 Tl Bl o).

H, his tbe same cxpamion sxcept Uhsl & — —5. The pin decay russtant is delsed by
ORT e etlm) = L~ Ralnd = g L]

Comgaring with By (T) we soe thal f, = [ ol lowest arder in chiral pertubation teary

The chitall Lagrangiun can b exteaded Lo sclide e Qaver singlel pasadisoalii soion
[2]. Threughoat vhin pagess | refer to Ubis ineson ax the n', desplie b luct that the physicsl
u' I8 nod exectly o Aaesn singlel. 1 use the label *plon® Lo reler Lo the ron-sisglet pecmbs
Galdstone buswns, sl Bcluding the ', To ieclede U y' in Uhe chinald Lagraagian oae begina
by defming & U{ ¥) matri

['= Ec™ | = 2y f{vENS] . i)
in Lerma of which the exlsaded Lagrargian can ks wngies

£ o= L) T8 ] — § PV Te [MU] — LP W' T et
+hly’] + Kl My iy {13

[ Tha definitions of ihe poteatials & alightly from Uhose of Rel, [7].} The potestisls re

srhitrary aside feen U following cotditloma: V5, W, sl Vy sre ical, mosl even bt of
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Lheir mrgumecats; ¥y sstisfies Viln')" = Wl=4'); and V[0 = V(¥ = 1. The srbitrseines
implies Ubal therr e wery few comstrainbe on bhe oosiplings of (he §'.

This Lagreagian simplfies when M, the number of colon, is lakes &0 infinity. This
umihidmhb_ﬂiﬁhh*mlunlm. From ike
anstywin of Hal, (3. it can be seen hal, whes N, = oo, o can ool 1 = 15 = 1, asd
Wy = by o= 0. (¥ dees contribeibe & combanl berm proportions] to 87, bot this oaly afscis
Lt vacwam energy | [ olher words, the Lagrangian lus the same fiom o Db ool gisal chirsl
w Eg. IILM“HEHH‘MH}'U Deprrdesce on N, esber only Uhrough

Lhe deray conalant, whick i | tional Lo N, The symmetry grosg s thas emlsagsd
ba L W = L[N ], -ﬂllhtfhﬂ-m-lddrl.lmdmh b The phiysical
eeasom for this simplifcation o Ukl Uhe terma in Eq. (10} whick diBerestiste the ' from
kb= ploas invelwe imermediske ghaoas, seed are suppeesss] by powess of 17N,

Expanding ibe large &, Lagrangian in bermm of E and ¢ one s

LN —=m) = L+la, ey
& = i (vinsashs Savar) 12
£a = | ot T MUESENY 4 vinlda T ez -zh) - (3
Theer features of bhis pesaill are impostant in Ve following.

# The n° couples b pioas Uheough Lhe mass berm Co, b disn nef coupls teongh the
dewivative fovm L. This i vl Lrae al finil= ¥, b the il W, will -
even puscti of e i Febil

# The musses of the peswdo-Collstone ploss differ In general feom Ehoss a8 N, = 1
Desgonalining the msss makriv, one Ends that the ', 5 and = miz. The dgesslaie
hawe Raves composibions Bs, 4 and Ba, wilk mass=s Zam,, Tsmy and Iam, respec-
Elwely, Fro my = m, oon can e Ve osual r‘dgliiﬁlﬂﬁ“ﬂﬂbﬂ"hﬂ'
wre degenerste. Only if all Shree quarks are degeaersie, bowever, is the Aavor singlet
' mnoeigEnetsle

& Thez non-singhsl chiral correnis Lhal Tollow Trom Uhe Lagraniian are Ll i i Uhose
of Equ. [5] ared (8], exoepl that L bs replaced by I, B simple (o see, howsver, thay
ithi o' drepa ool of Uk mxpressions, so Uhal e cotpents e in el unchasged. This
can be seen explicsily in ihe expansion of Lo, Bq. [Ti The firsd berm sanishies for the
" herause of e Aaver trace, sed ol subsequent Lemma lnvelve commutastons, which
aie mer Bor Ll o

The fesdaimeivial sssimplaon of this paper in thal the *ron-hoirpm® inleactioes invdke.
ingg piona and o's arc descvibed by & Lagranglan which has, sl lesding order in the chirad
uparsed, Ehe same foom s Uhe large W, Lageaagian, Eq. (11} The cossbanls [ awl j will,
howmever, differ from Ukoss I bolh ull GQCTF and ke &, — oo Bmii. Theee are sddilional
“hairpin” imteractions iveolving ihe o, smd possibdy plons, el et Svolvieg pioss sloee
Hairgia inLersctions wre Uboen i which Ube quark and anliguash febds in ol beasl one of
the exiemal 5 messns are cosirscied togeller, Exsmples sppear i Figs 3dHi]. Beioe

L

d:—'lhmﬂ“ﬁ_.bd‘“ﬂlm‘ﬂm_ﬂl’ﬂ:ﬂ
sancanced, Thin assimplion las Ve parts,

L. Isteractionn involving Sferent mimbers of pos-singhet plons, bet o favor singlel
measna, wre pelated s one ansther im G same way &8 o full QCD, For ecumple,
the plom ssliering beagihs in the chirs] limit can be szpresed in berms of [ scooend-
ing to the orrmlee of Weinberg [1). 1a full GO0 the form of ke chiral Lagrangias
fallormn fovem, Uhree impata [1T]: (o Ward idenlities briwem osrrelalbon linctoss (b)
it dosmimation of low mamentum umplitades; snd {r] analyticity sed unitsily of the
amplitudm. In Uhe quendhel spprovimastion one ke ealy Ghe il ben ingredients: the
Wi bdesskiloss i the quenched sppeooimation sne the same s i full henics, al e
in lntlice regelariaed theotics [UB, 19 sl pion dominsscs b8 & good spprocmadion in
practice, Hul Ube smplitsdes sre seither analylic mor unilary. s fuct, b |5 only s
Iyilchy ihad bs lmportant for lhﬂb']l-—hlhl.mil-miﬁl

in sclually sulficient foi (ke diieal logs dioisssd bese, which requize mly the Lwn and
four pinl werticss from the {pF) terms in the Lagrangian.

L. Wan-hairpin inbersction of 3" mesoss wikh pions come erliredy bom Lo, and are re-
Ruied is interackions of plons with sach sther by Bavor facion, In the large & limil
this resull fallows because (b quark disgrams ase Uhe siase with or without 5 mesoa.
This equresbenoe of dlsgrems is sl tree in Uba quenched spprovimslios. in parisoslasr,
e wre fe mbermal gquatk loops in eliber Ui larpe ¥, limil or Lhe quenched sppecs-
imation, Intersctions inwolving inlermediaste gluons, which vaaish whes ¥, — oo,
Invodwe hariping, sadd see discumed below. This distinclion is useful berssse @ birns
et Uhad,, fior sremn quaniiien, sich bairpin interactions o pob conleibute o leading or-
der. This will become clearer s the fsllowing sections. Thus | sssume thal Ubs form of
L ez lier Lagruegian descivbing bhe pioa §' interections w the sama in U quenched
snd M, — oo theariss. The coaficients in the Lagrangiars will difier, however, because
kb gluoon inlernction sre different,

1. The isteraction of ihe 5 with [tsel, thoraagh both the the kinetic and mam Lerma, i
reluied Lo the selirteractions of pions by Ravor faclers. This appliss oaly Lo ron-
hairpin mkeractions resalRing from disgrems in which the n' doss not snrhilate mbe
pluoons. The jusiificalion for Uk asiimplion s as lod U previom onet the ol o
Arue in Uhe Barge N, Emit, und Uhe quenched Sagruma iveclving 7' mesons are related o
Aiess iwvendwing piens by the same Asvor factors a8 in U lurge /4, limil. In pariicular,
e mass sigenslslon are e s ai in Ubal lmil.

An impoitant comssjuence of the ssssmplion that the gueached Lagrangion has the sames
form am that for C]N, = o] i thad he pon-singlel chiral correnis are slsn the same. Az
explained shoe, this means st ihe 5 dom ool couple Lo thess coreenia.

Alhoagh Uhe form of bhe quenched Lagrangisn is similar bo thad For full O, Ube calesls-
tion of oo corrections wing chiral periurbalion theory imeolees sdidilonsl ilm, Accerdimg



o ihese rules cerlaim boop disgrams ape kept, while cthen e discasded. The chiral partur-
adinn Ubeary disgrams which are bepl are ot correspanding Lo quark Sagrams which do
wat combaln intemal quark leope. The method by which one determines e conependenc:
lelween plon aied quark disgrems js best szplained by example, and is the mbjerl of the
Fellowiag Secimn.
| norw return bo the sddilional hairpia imteractions involving the o, 1 s bere that the
quenchied and lange N Ubssress differ wuch disgrama evist for Lhe qaeached approsimation,
bt wanish im the N, — oo limil. For ecasmple, Uhese ls & “dimomecisld® contribution o the
fwui—ﬂmhpﬁmmdn_hﬂu-hhﬂﬂ. Mt in bk dingram, and jts
iberabon ircteding any member of quarh bublles, that give the v’ it sddilsons] mu i foll
QD Mors generslly, such disgrams give s do Uke 5" depedesce in the potentials 15, ¥,
¥, end W, and Uhes cosverd Uhe Lagrangian L + Cu inlo e with the form of Eq. [F0).
Eght. Thin meani ihak ihe widitinal weriom coming from the 1] may be sesded. Thes the
coefficienis of chirad lngs doe to g kaps aee wol, i@ geserel, predocied in Lerma of Uhe beading
arder coclchents.® They depend on mew pasnmeters which even in fall QCD are either pacaly
consirsmed by pheaomenology, of bol keeen @l sl 15 furss sul, bowrver, that thers is 0
:udmhﬁhﬂ-fh—l—l—ﬂ—hﬁﬂlﬂ g0 that the wdditional 5
interactioms are nel nesded. This class incledes [, sl U kaon B-parameiers, in the limil
Uil il qsarios are degerersin. These “mle”™ quaalitics are the mais fcus of this wrticls.
For ke remalning quaniiiies one mast indlde o' loope. Aa | explain o Secthon 8, thess
linses b ok by umual power counling rubes of chirsl periurtation theory, scoonding o which
wuch loop bringa sa adddional poser of m, Instesd, the leading ordes chiral legarithms are
iod speprensed by mi | mad come [rom Jagrams with sny vamber of o' loops. These Sagrami
are of & simple foem, however, and pq---}r-lh-d-ﬂ.kﬂl"hhﬂ'm"lhm

g in s il seale. of (4 Agep], and doss ol vasih i U chinal limit, The parameterizstion
of Eq. {14) in chosen s that, if Ghis vertex oould be jbensted o in foll QT Uhe 5" woukd
pel o s

g s 22 05

n the approsimalion Bk A = 1, the sxperimenial g sad 5 mases imply thal my = 00
eV | use Uk valuen when mahing sstimates of the quantilative Empotiases of o° loopa.

s Tall QD Lhaw problem dom poll sfiis beness ha @ bovry, and dom sl give tie L chisal logs
Thet sarisiniim culy epber Usrsagh Us (p"} Loives s tia chirsd Lugrangina.

[ T Ml ¥y which coninbete {1} & e tem propamenl

o FP T T M) uuq_pqu_--u—dd-hlﬂ-.mhhﬁ-tlhﬁtﬂh

-—ﬁh-m#wh_h—h_-ﬁﬂwhn

sbonid pot ke i luded. [¥) A veriss proportionsd ko T]q"l‘lilh‘r"l-. This eeeten aotaally wpees in

um-ihum_-—_-h- redefining ther [ Bl bowver, oo oan wiorks

=

&, G

(a) (b) (c)

Figure |; Disgrams sstsilatiag s o [2) bading mds; (5} dr [ warbe
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3 CHIRAL LOGARITHMS IN f, AND [y

I begim by summarizing the caloslstion of Lha chirsl logarithmic correclions e Ube decay
comalant o iheoey wilh N light Ravors, with qussk loops included, In chisal perierhation
Lhary (e are s one-losp disgrama, sad they are shown, sleng wilk Uhe leading order
dingium, in Fig. 1. The cirde pepicsenls he for ploa vertex obisised by exparding Eg
(4}, The squape reparsents e sxis] corrent J[ Lo~ R, Uhe cxpansion of which is a in By
(T, eaceph that only Lerma with sn sdd sumber of plons sppear. The crucial peinl abost
ihese werlicss in that Lhey wre complrtely delmmined o berme of Gl bssest order pasametrr
¥ and g

Ay axpluined in the previom section, (e leading order ressll js f[rg) = F, for all Aaveor
d. The corseciions frem Figa. 1b) and Bic) are multplicative

fimal = F{1+ X{FigAibih + X(Figichl + O=10) - {18y

The mon-logarithmic correciion e mj eome from O7p') terma in Lbe chiral
They ds nol give rise 1o finite velume dependencs (see Seclion 6], and 1 will

drop Lkem from wrpual i,

Iwtter elerin f. To coniribwie be wavelunoibon penormalizstion, the vertes in Fig. Ik}

musd copisln derivadives, sod Thos musd come from L. This @@ an imperiast obssreslion bs

which [ relirs belew. The coabribution of Fig. 1%) =

X(Fig b)) = 52 I T Tl [ G0k m) (m

where the meswire i [, = [ 42}, amd e inbegrand ls the pion propagstar Gk, m] =
1k + m), The sum rune over tbe ¥*— 1 pione, and in L= be done o lhe Sae sgemtale
hasin, i which Uhe mass of ibe plos of Savor T, ls labebed o,

Figure 1] rercrmalises the weriex; its contribulion loms oull Iulifﬂlplll'l.h:ﬂ] &0
wavelusctios senomallssibon

X{FigLiel) = =4 X{Fag.1{b)) - AL T
Thiss e fractionsl momection bs the desiy constaal s

-’—["%i = = E TH|Ta T Tl hie) 19}




There | hivwe debaind] e o e sbmindasd inlegrads thal apprid al e hoep

timi = 7 [l it mi .t
The inlrgral must brrl'!,'ﬂ-.l.l'i..lnﬂl-l.lh.lrp cul-ofl, | < A" The remlt i
film) = ”, * i-tr-:+f-'[ ] ' (EIY

where Lim] i chirsd logarithm defined in Bq, (3} The quadetic divergeno: can be shaortesd
By m redefmition of J.

Fea QUCD, ihe geoeral formils gives

fe = i1 - flEhime) + Kimg) £ fima]) 1
fo = JUU = §lhsimmh & Zhiima ik, )

im agreement wikh She Hels. [4, 7. 73} For ¥ degeserste quasis the pesslt |
£e = il — Elylmaj} (]

in ageeemenl will I, 6.

| now lurn b0 Lhe quenched thoery. The resull of the follewing discusion |s exlsemely
simple =ncepd or g lope, which only cenLribule i the quarks sre not degesesste, Lhere am
na lrading arder hiead dogs i decay ooistants. | enplain Ui concluseon In goay delsil, s
e insight obiabes] can be sppled Srectly 1o mom compheabed caleulakisne.

The chiral kgarithm comes from U malisisl parl of dhe joop itegral. [p < m The
ooeffichent of the Ingasithen i determined by the residue of the pole al @ = - o', b geoersl
thin semidus w (sl delemibned by & physicsl, ca-sbell amplivede: for wawelunclion renar-
mulizadion it is Lhe parl ef the oo pios scaliesing smpblode progortionsl Ly Ebe nemadic
wariafde [, evalualed sk threshobds for veries rencemalizsiion il o pard of the amplitude
e mrial cmrenl ko coneerl ne o b b plons. [n olber werds, Lo calloulste Lhe coefficient
o iihe logasithm ene can Tachoriae the loop in Faga. Ui} il ] Pk L pleces i o il |
pien propagabes, and & physirsl scaileriag or comversion amplilede. Sinos Ve smplitode
pre renlunted for small p, Ubey sor well deserileed by bowest order chiral periurbstios theory,
wd lead Tor sinialdl enough m. This s why the mefficient of e oy cen be caleulaled i@ beems
of snly Uhe ruefficienis of Ube lowenl order Lagrangisn.

i is becamse of Ukls (actorizstion that oar can bope o caleulabe e corllciml of e
logarilhen im the quenched appeastimalion. As discessed in the previoos section, il is ressen-
e io aasamie that Uhe leading crder evpressiom for belk ihe scatleving amglitudes and b
chiral carrenils wie e dais 1h 18 geenched sppraximalion s in the full Lkeory, sxcep. for
diffepences in Lhe corfficients § sed g Thus the coclicient of the chiral boge coming lrom
each diagram i bl ssoe fanction ol these corficents. In olber words, Ube caloulmlion of
mdividusl chiral peilitbatbon s diagrams procesds by Lhe aume metkad in both thes
e, The only differrmcrs in Ube quesched calewlabion are Usal Lbe g’ can propagate in Lhse
loups, and Ukoss disgrams which mvalve inberas] quark ioops should be discarded.

" il s, gk & Ay 0l rad lundd #ry. This taa b+ cersied by sdding s
guarim ey dvergr oepelesie s, ek U i mel il b o vy of e processs romidired bere (21

< om

rirrmprpding b Fig. 1]s) The Hee roprosesd guadll propagaliss, s il
b s el The bai b Ube afiad cormel. The spen whens U propagelons et & U el shich B

]
i
i

To driermine whal thess differences mean in practics il is necessary Lo fnd L quark
diagrams which comespond to the diagrams of chirsl peturbation theory, Figure 2 shows
ibe qoark diggram cornmponding te Fig. 1{a). The quark lines are o be mberpeeted
lallown, I ane were doing & lsitice {or say olber non-perierbative) raloslalion of [, oss

& bachgrooed gauge
thudihfﬂthﬂmhﬂxﬂihﬁu.ﬂlkmhd“n The
resulling valur of [, would be corect lo all orders in m2, asd in particular woald include
Ubin chiral bagarighms. Ba [acl, the Bnes in Fig. 2 sre almeat the full prepagslors, racepl
Uhal ihr propagsison s resbricted m Ukl there i e long ditance plon contribetin, B
U Pl mecasure |8 wsesd, this resbriction spplies alss be Uhe quarks loope contained in Uk
hackground Reld. Wilk (his mumawumpﬁmdMMn. It
does comritate Lerme of ol orders i mY, hul we e inteseaied only in be lowesl order
el Filbaa b en.

“hﬁhlmﬂlh_lqdlhi—hqﬂlﬁwwim
vague aied diffce® b0 imphement, Thess shortommags are mod mmgoriaal, howeves, hresuse
Ihﬁpwm-m}r-l_luhlhd*lhhdihlﬂﬁﬂ'llquﬁ.-i
wediuark, This sapect of the Sagrams is completsly well defired

The quark diageams cosiribating be sevefusetion renoemalination (e Fig. 1(h)] e
shown in Fig. 3 Thess disgrams ame chisssed s foflows. Finl, drow ol possible quark
disgrams for Lhe pion staliering smplitode in wiich ol beast (e of the ploas have the flavor
weader comideration. ive of these kwo W e sxtemad pien, the olber couples B0 Uhe xaind
corent. Mexl, joln ike remainieg bwo ploas free he scatlering amplitede with & pien, or
e diferens muys in which Bavos can fow in the Dwp slep process of pon scstberag o lowsd
by pien propagaiion, W s only because ibe coeficient of the chiral log is delermined by ihla
[actrrized limit that the Bawar Sow o welll defined,

Hawing uiederslond Lbe feaning of the dingrams wm Fig. L | sow aaslyee them in bam.
The rrauhs of this snalysis are summariced in Table |. The cosclesion i hel, in U Fall
Loy, anly Fig. Mab grees leading order chiral boge In waweliincbien resrmaizslion. This
mﬂhmuﬂmﬂhﬂtmmmw F'Ii.. %],
I the q heeed B bowever, thm d Farih d

ﬁmﬂ.mdhﬂhd“ﬂmmmmmmmm
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Figure 1: Quark Slsgrums convmpomsding & Fig. 1]b].

This wewelurclion ressrmalization dors sol conlsin loading erder chiral logs in the quesched
Wulm.lm

| bagin by analyzing tbe dagsume i ull QUD. I vome osll bl Fige. 3d])-(i) do net
corirlbuie leading cader chidal logs. This in Becayse they ol cosiain one or moere mesoms
armibilating inbs ghoss. This ein oaly soces il e meson s e 5, bocause st leading order
the gluoaic smpltude s Auvor symmetnic. Bal s Sl QCIF tha 5' in msssive and il bops do
moid give chiral loga. The ealy possible conbrifulions sre Uhas from Figs. Balic). &s | new
enplain, howeeer, Fige. b} and [c) give riss osly be non-leadieg chiral ks progortional Lo
ECHTTEC N

I'II:--u-p—udn‘tuuﬁuthhu-ﬁumLThtinhmdﬂ“M
oonbribuls b pion erelering are shows in Fig. & dagram (] @ reguiced for Fig. ¥a],
whille diagrusm (¥ is peymsed for Fige 3k e (). 1 claim thst the amplivade fom {u) =
(], while Lt Froem (b in O{p']. [Bere [ sm using p? lossely fo refer be both p¥ asd ml |
This ia tree bolk for Uhe verien ooming from the derivative berm in bhe chiral Lagrangisn
{which w thal regquired for mavr Toistion resormalaslaon ) sid b (be serted [pom L imass
BETIT,

Fot & thenry wilk feir or more Aavoas Uhim cun b seen a2 follows. e can chooss
the Bavors of s exiemal pioss such Lhal oaly Fig. b)) cealrbules, eg W4, du, &
renfrabuiion, becaus Ahe Ravor Erace vassshes, Only berma with ten Aevor lrsces cosk it bs,
e TR EL TN bul e contributions are of O{p"). For general extersal Auvors, thers
will hee cromtriaitions Lo Ehe scaklering amphilade from both Figa. ACa] asd (b, Thari Trom

i Full I'qu' ¥ = i) g_'—-fw makion
ill' Almenb I'.mhwll
b} I'I'u-lndlq; Hoe-leading
(3] Hon-leading A bk | my loap)
fdide) Al (20 ') Froportiosal to dm,
(e Abest, (5o ') Hon-leading
[ehdhidi)  Absent o= g') Absei (i by

Table §: Contritutions of U disgrams of Fig. 3 1o chiral logaritkes in sweeluncion
renormalisation. “Leading” indicalen o derm proportonsl b @ Infm, ), *ron-leading” «
Lerm peoporticasl Le s Infm. ).

(a) (b)

Figuee & Quark 4 balipg bo pion '




the disconnerted disgram (&) will, howeser, be of G)p" ), becaise the quark Sagram i ol
alfecied if wr smply chamge the Bwenr lahel ® Thus the oaly coniribetion of O{F") can be
froem Fig. 4ia), Thai this diagrem does contritate st FF) can be seen by chooming Baves
siseli Uhiak i ls the anly contribulion, e.g U4, ds, ¥ and Pu. The O{p") berma in the chiral
Lagrungian do give & veries wibh Ubrse Aveors, o Lh'r:.lh-_:ldmhﬂ'ﬂ-l
single flavor Loscs.

Lagrasgian. Civen Lha lundamenisl sssomsgtion of this paper, namely thal Uhe Lagrangisn
for quencled inbersclaes hus the sums fom w i e ull Uosey, the apguiment of the previcus
pasragraph spplies lan o Uhe gaenched theory. Iy farl, i applies sho i the external particle
are Haver iaghels. Since the backgromd configuraliom in Ue geesche] spproximation ars
by canstrurlion independent of the sumtser of Axeors of Use full thery ose stats with, the
srguinienl also spplies Lo quenched QUTL

Am inlereling queskion i whelher Fign. (k) aad (£] gives iise bo beading ordes chival
logs I full QCTE. Sincn QCTY has ol Uhees light favoes, the srgument. given sbowe doss
ol work: nose of Uke pessible extemal Aaron slecls Fig. §]b] slone, This meaas Chal Vb
question cannet be askml in berms of correlation fusctions of eprralor, bul caly la terme
of indrvidual costrarihons, Thus one musl hive & Sof-pertirbetiee mgulalar, meh o e
labtire, Although | do nel know of & preof, | think it Bleely Ul tiee M = 4 pesull carries
wer o W = 3, e Ve lollowing rrasems. First, wilh staggered bormioss, one caa show,
ghven restuin anvamplions, Ut Fig. ib] i 0{p") irrmpeciive of ihe sumber of dynamical
aquarks [20]., Seromd, Uhe combribubion of waselanction rencrmalization in & theory with N
degeaerale quarks, Eg. (17}, comes with an explicil nctor of ¥ for N 2 L Thn regeals
thak Fig. 3a] slore in contribating, beesase Uhese see N avor of quark unsiag in Uhe
lnog. Thinin mol cenclusive, however, because Uhere coull be hidden ¥ depadence in [ and
2. Finally, the chaim Uhat only Fig, 3s) contribstes is consistent wilh the N, — oo limil, in
wrhich the buth the veries fom the keading seder dbial Lagraagian aad thal frem Fig, 30s)
are ol 01 FA,], while these b Fige Bb) sad {c) ase al 241/87)

I reess Luurs o Ube anabyvin of Uhe gaark dlagrams is the quesched approskmatbon. OF the
first Shree disgrams, osly Fig. 3h) is preseal in the quendbed spprozimation, s the sthe
i involve quask loops. Aa | haee sl argued, hosever, Figa. k| gives non-lesding chirad
logs mst enly in Uk fell heory {with & 2 4}, bul alss In Ube quenched appreximalion. Thus
thess Lisres disgrams do nol conizibute keading order chiral loga be quended [,

The remaising dugrams involve ' propagalon. 0o Lhesn, Fign. Jg)-(i) require internsl
itk boopa, and sn are mol present in the quenched approsimation. Figures Jd]-iM), bes
.__ﬁﬁw“ﬂr_hh-iﬂ.“‘r_ﬂﬂdh“ﬂfﬂ"“-“ﬂ"ﬂh
i the quarks s degenerabe, this contribotion sanlshes st boading order. This is because, i
explained in Section 2, the o does sot appeas in Ubs four-pion verkes containing derivalives.
[ Borcall Uk fof wavelnction prnormalisstion the weries musi montsis desivatiees.) For de-
generste quarks, oar can e U ssual hasis of sg, § aied 4', 804 since U ' does sol couple,

Vinn mighl merry sbost the of Wi i Fos ! by, b lhed uging iba
Basar ks ahe rmeass b e e opaurh v mhﬂtlﬂ_.h"—.mh"hm
u ibsnry in whick, o euisrnal Beeore deeen s Vhal selp e disomssied dngraem contiibaies, ihe mm
o U rprmrien mir ke g 8 (R B Ve Sagree ke o In il wpehy Uherisss Lha dmcoreried
romporenls g OTE )

%

Figa. W) wirmply vecninh. There will, however, be sontributions sl hagher erder chival in
perkirhation ey

Ia lact, Fig W} doss not cantribute lesding coder chiral logs be [o even for mon-
degenerale quarks. This is became only the ¥ berm in the Tull chind Lagragian, Eq. (10
b the correct Baror sbmctore bo cormmposd ko ihe vertex in Fig. 3(f). Since this term haa
e dderivativen, bhowevei, IL canpal conbiibiuls & wawelunclion renoemalizution irrespectjve of
then qusrk masses,

This s not bree of Figs. 3{d) snd (=], For mon-degenerate quarks, U neubisl sgenstates
" haer Ruvors T, &4 wnd Bu, sad each of Uese individislly doss coaple be the derivalier letm
im bl Lagrangisa. 1t is simple Lo see Uhal the cosbribulion b savelusciion renormalization
uﬂhhﬂ-ﬁ“hh-d;-ﬁﬁnhh—ﬂ-lﬂﬂu‘ For

fquarks, this cancellation dom ol poret becsiss L= restral sgeratates e
dilfezenl. Thes tlssre s exbis contritations proportisnal Le Lbe differenos in mass of the Lex
spanlen ki wp Uk pin. For evaimgpde, (s eles copdritetion is proportiosal o my = g
for Uk phiysical f,. Thess sxiss berms e discossed in Hel. [11]. ssd | 80 not consider them
[uriher here

For mass rernormalization Fige 3d-[) all conlsibule even I the guarks wm dagenerale,
w dimcumsed Furibes s Soviion 5,

Finally, | furs i weriss renormalisaiion, Fig. 1ic). The quark Ssgrams e in oee-bo
e coepeagoirbescs wilk Uhose in Fig. 3, and the analysis i aliessl destical The peach in
that the summary of Table | spglies both 1o verten sad wavelfanciion renctmalissiion. In
Fig. 5 | shaw the disgrams saslogom to Fige. Ma}(l]. 1 do et show those corrmpoading
in Fige. Hgl{i), since iliey conieibute mether b full nor 1o quenched Usssrien. Fig 3
i bl only disgram ooakributing, leading onder chisal logs in ibe full theory, bt in sbecni
in the quenched appecaimation. The Lhree plon veriex im Fige Gb) and (o) b sheend in
leading tader becamss i reguinm e B Lisoss, wheress the axial curmml conising & SaghE
Aavor race (Eq. (71). Thes Uiese Sagrams coniribrabe oaly mon-lesdiag chiral loge. Thia
ln Eree wha in the queached ibsery, fer which taly disgram (h) is preset. The remalning
thiee diagrams requirs sn o in the koop, and ame s absest o the full theory. They aree
presart in penarsl in Uhe quenched Ubsory, bt vanish for degeaerate quark masses becasse,
s explaied In Section 2, the 5 doss sol couple to the leading arder represeniation of the
mxinl currml.

in ssmmary, the leading coder chiral bogn in decay constants, which sre pressst i full
QUD, are absest in the spprovimaiion. There are sdditicaal dilral logn from
v laps, which depend en parsmeien otber than [ sad g, bot Uhema e oaly peessad for
fron-degenernte guarks. These exirs loge are discessed in Bel [11].

4 CHIRAL LOGARITHMS IN B-PARAMETERS

4.1 By with dynamical quarks

T wet. the singe for the caloalstion of the chirsl lags | Bx in the quenched approximabion,
| peview the caboslslion in Ubeories with dynamical guarks. The dsussion will spply io
Uheries with u o guask, sn o quark, and any sumber of olber light qears.
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(a) (b) (c)

&4 =c 4

Figare & Guark disgr s correapeadiag o o 1001

The haon B pasasesier 8 defired 51 5 ralio ol matrin slemenily

My = (FONOK|K® = By Mo, (25)
Ox = [Tl el b N ()
M = HEN 0+ m ) BOHO 7,1 4 1 MK (27)

where a sed b are color indices. The sulseripl *vac™ indicsles thal Usia in the resll for Mg
in vecwim ssberstion spprovimation. The definilion can be wiidlen i e more lamiliar

fomrmy
My = B [ {28

Thie caleulstion of chiral bogs i cleaser wing ihe definilbon in By (23] 'What fs sequized is
the loga in both Ay sed A

| begin wilh the lulter. The matric cement A o Uhe peoduct. of Len makris slemenls
of ke axil currenk, ihe mrrechions Lo which wre discosssd in e previsis Section. The
resull san be read off frem B () snd [18)

Mo = B Ppg s a1 4 2X(Fig 1b) + 2X(Fig. be) + Ofmi ) [

in the previons Section, || will deep such terms bencedorth, In tbe formela for X [Eq. 1T}
ona alesiibd e Uk Bavor malria sppropriale ks ihe ksoa, T = dl Ty =aTil The memeivla
are baoth incoming, wo Uhal py o pwr = =pf = mj;, =where mg s paysicsl masa including
ane-loep corrections. The correclios in Eq. (3] are precicly Uboss pequised bo change [
1o Lhe cos-loos carreciad [

M= P fhm . (1]

Thie chirnd logarithmic comections 4o A4y in full QO were fest caleulsted b Bef, |3, and
ralabed ressilbs sre peen in Rel. |33). | have checked three caboulwlions, snd ia (e follasiag

15

(a) (h) (c) id) (e)

Fgume §: Chisal perissbaiben sory disgeers o Mg, The pait of e L Li 1k dew O,
mbaks s riile o Che wise Do e dered Leeagisa.

1 preseni & slight generalization of Uhe remlis. The 45 = 2 operaber Oy lsaaslems ss past
of & (27, 1] under SU[3 = SU[3)s. In chisel perturbation sheory it is reperesenind by o sam
of all eperatoes having Lhe mme Lnasimmation propsrty, wilh mbivrsn cosfcenis, Thers
wre na sch operton sl Of1), aad osly oee & O, mg) |5

Ox — 0} = |BELE e zh, | (el
whara the sulscripls indicabe the do'th element of Uhe matriz. | haee choen ihe osefficlents
5o thiak, Wl toew lewel, By = B, mn cum b woen by combening the tree bevel result,

My = BRmY i x)

with Uhal for M.w foom Eq (2) Chiral pertashation theory dom not determine the value
ol B, which is snolber parameter like [ asd .

Chirad lega in My come [rem the five Lypes of disgroms shown i Fig. 6 1 have
regresentad the opersior by s squares, ench cortesponding 10 left-haredrd cmrenl, because

il can be wHlles &
O = B[ L =il W L= ikt . (33

Thin factorization, which playy ma imporisatl role in Uhe caloulstion, @ enly b sL leading
cerder in Ube chirad esgasdion. The pesslt feren thess disgrams i o mulisplicative cormeciion

My = BEMmL (1 + X(FigSa))+ X(Figb(bK) + X{Figz—=) . L]
Here my is Uke oae loop oopected kson mam. Stricly speaking, some of ihe rsalis from
F'in.. “f][l.mmﬁ!ﬁﬂhlﬂlmhﬂlﬁtﬂ-l I:.ﬂhﬂ'lr-'lll"‘_-u

squared). Dut sinoe thess wm correction lerim, ooe i juslified i replacing mfuee] with
mg{ llaog).

The caleulation of Figa. 6la) snd (&) = idesticad 1o that of Figa. | {b) sad |c) respectively,
envepl b mn oversll fsctor of bwn sisee ihere are Dwo lefi banded curvents in OF

X(Figsia)h = TX(Fig. (b)) N(Fig &b = 2X{Fig- 1< 1) . (3]

This part af Ube correction be Ay b the sme s the complete cormeclion to A, By [29],
wnvll w0 cancels in Uhe ralio sl defines B, be oller sopds, Lhe correciions from Figs. $(s)




sl (b} are peeciscly ihoe ded b the factor of [ s Eq (M) Lo Lhe one loop
valur [f, and thes do net affest B, This bs bree Tor any nessber of Aweors in sddition to
the & anil o quasks

The only reree work in Ubal required bo caleulate Figs, Blo)b{e]. The raull can be wrillen
in w fovrew wibick b walid for sny samber of Bavoe

X(Pig bt —el) = bidmac) = 1 + ﬁ"""""“""‘ o ool 38}

whee Iy i the slasdard mbegral
him) = 5 [ Gtkm i
= —Lm)— { ] {1 4 Ofm 8T - L]

This mtegral results b Figs. He) sad {d), both of which hase & K® @ ihe loop. In Fig.
Ble} Uksie e anly Naver-disgenal pisns in Lbe loop. This disgram grees roe lo Ube second
term in X, in which the wem b ower Aaver-disgensl pions in e mass dgermite hasis ™
An important comsmbency check on Ukis resall i Ubal divergent parts can b sbeorbed
into H. This pequires that there be no quastic divergences, for L wosld imply that
My = A", while chiral spmmelsy dctaies Uhal ihe lealiag lem @ preportisnal o ml.
Al Uhrew disgrams do cosising quaris: divergenos, bel they cancel in the sum. Them e
quasdratbc divergences o Eq [30) because Iy o A7 i bending order, These can be sbaonbed
imio B long aa Lhey do noll depend on Ube quadk maass, 'I'h'{ldlliml nli:ru‘.l[.i:r-,;
Byl ) sugeests thad Ehis may not be lrue, bul s el the mess dependence cascels becamse

el the reuly
EH-EI!T'-J---{T-]-I'=T'T.'- (%]
1here again the sum b8 in bhe e slgeatate basis, snd enly Asesr-disgonsl slstes contribute

Thin resull holds for sny nesber of Moo
Crawlining Eqa. (30, (34), (18] ssd [38]), the coreected By in

By = B |:| & bfmac) = T01 + ﬁm!mphnh-ml-l'} 3 4a
In QUL [witth miy = img) Ui gives
g = 8 (14 i) = 3004 ZH0ma) = 400+ ZEbita) . qa)

In Uk limil s, = my = 0 U chivald logaerithmic pard i

B — Bl — 4 L{mx]) , s

g Taad, the swm cun b i mdl phass, e Dl P i s maves sl o Aarvor-dlagoaad
phs. The swves b e in g (400 balow.

IT

wheee e quadralic divengenoms hive been absorbed iale . 1 |8 sl mefal Lo expand shoul
oy = g i berm of § = (o —myl o my)®

By = B{l - Limg )i 4 J4)+ &, 4]
& resiill peeviomly quated in Rel. [15]. Finally, for ¥ degesesate Savorn cae fads
By = B 4 Tglm] = 3{mi) = B = 2w} 4. (Th]

Unlike the cesrechion bo fy. this rell e e explicil depeadence on N,

4.2 Hy in the quenched approcimation

I wow burn b bhe caleulstion of te chiral logs i quendhed By, The conclusion of the
huﬁ--mhﬂhm-whﬁﬂmmﬂﬂ
(1] thene sore conteibations Trom g keops when m, o =y, snd (2] In Uhe formals Fag. (40) the
masn rigemiaies are 1 and dd [with mewe ma = Zum, and myg = Jpmy, eepeclively )
Thus the quenched reult is

Bi(qeenchad) = B[uu-n-:":;u ) = ;+":"me..]

o, = mg) Xin) . [45]

whers ¥ig'| comes from ¢ boops. I b limil mg = m, the result b benbical bs that jn the
felll ey, Eq. (#4).

To begin ihe quenched caloulsbion, ihe operstor Py masl be wrilten in Lerme ol pios
Frldn. Ax brdione, | asweme bhal the form of Uhe operaber i Uhe same as lor She Tull Bheary, Eg
(8], ewceps. thal the comstant § can differ. In olber words, | sssame Chal ibe smplilades for
e i bo coreale {we and foir phoss see relabed ln Uhe same muy 58 in the ol theorp. In
e cenlimuum, ese relslions are derived [eom the chiral Waed idenlitics. Witk staggersd
lermmions, analogras Wad klenlitles hold in both full snd quenched Lheories (19, 15 With
Wilsen fermicas, ithe Ward identilios are regained in ibe conlisaum Bmit of beth 1ell and
mﬁdlﬂﬂullﬂ.ﬂjﬂ.ﬁﬂhﬁ_ﬂuuﬁhﬂlm

(Gven ihis smmplion, ihe caleslslion proceeds o i the conlisuum, excepl for Ghe wausl
o commplications, M.-t--hmﬂrhim'_hﬁ[-l-ﬂni-ﬂh
quark disgrams withol i |l B |, e mus ine whelher Lbere are 2virs.
ronkribalisns [rem g' mesens propageting iv tee loops,

Fiwr Figa. Hq-dﬂ]m_hﬂi_hm!umumknd s Lie
mwudmun-ﬂmm Ehisk, just w in the full theory, any
chiral logs from Fige. 8{a} sad [b] cancel in ralio which defines Hg_ In facl, = shows in
ithe previcus Ssclion, lhﬂnlh-llq—“j'gﬂnfnulhnhihﬂll—r-h
parthoulan there are oo logs i f for = gy, wied LUhere are exirs loge feom ¥ loops i1
wa; o Hul Ve Silfermoms e wrclevmal for By

hdnllmmlm&mlhhhﬂumﬂrd]ﬁmﬁ ﬂl:Hr:l- The
il disgrems correspending, be Uese sae shows i Fig 7. The operalor O is shown
aa s squares, -rhnpv-ﬁ‘_t“h”tﬂl-ﬂ_ E.-:I-E.l"_jdnmrﬂﬁﬂtﬂl

I8




OO0 S

(b)

0. Q.

Figure 1; Quark Sagrams corrsspondimg i Fge. Slce).

Lwe conlzaribons, e in which the color indioss are conbmcind wikkim each coment, the
atber havimg Uhe indioes conbrscled beebween currests. The pairiage of quark snd antigeark
wmmmhim,d.h-ﬁnlw.lmmm
pairing m that each Blineas couples maly to e of Uhe messns in the loop. This make il
Fasien ko e e rorrespondmces with pion disgrami

Kene of the disgrams in Fig. 7 contain internal quark loop. Thes all are peesent in bath
quenched and full theoriee. The correapotriesce betwess quark ssd pion disgrems i s
falbowa. Figuses Tia) and {h) correspond (o Fig. S{c), since both have o fows phos scstbering
smpliuds, Figure Tc) correaponds be Fig. G{d); since the particle in the loop i x lsen.
el finally, Figs. 7(d} sasl [} corrmpend to Fig. Gel, in which b mesons b e loop
v Sawren Xa and dd

Sinoe Figs. Tsl, (b) sad o] s e sarme in beth full sad quenched theonies, snd snoe
Usa parliches in Ube loops ape favor off-disgonad, the reull from ibe chisad
Uheory diagrams Fige. E(c) and (d) is ideatical in full srd quesched theories. This i Lse
first sxample in which there are chiral loge in & quenched quastily coming from the same
dingrams as these in the lull Uheoey. In focl, Fig. T[h) dos sol conlribule al lesding ceder
becuuse ihe lsur plon weriex i O(p'].

The quenched sppreximalson can, boweeer, sBecl Uhe evalualion of Fag, #2), oo e
oo coataing Asvor-dingonal miss sigeastabes, whick, in peeral, are different in quesched
and Tull QUD,. Thers are alss potenltial g'loop coniribetions in the quenched theory not
present in iBe lull theory, fer sxample thal of Fig. Tel The effect of thes difference is
ikl I dhe sxperssion for X[Fig8{z—«c]}. Eq. [36), the sim ln the gienched theory ros
ey both the pioas sed ihe of, whils in full QCD the o' is excluded. The difference betwees
Lb=i 1w suma vaminhen, birreser, bor degenerate quarks. This b for fes resscne. Finl, the
coskribation Lo the s Brom Uhese phons sgres, Second, the o' i o mos rigraslale, aod
s ebra coskribution in geesched sum vislsles, becaiise Ty = Tay = @ for & Aever winglel

Another way of seciag this is to recall sl the " dess nel cuple fo L, 80 the exirs disgram
Tie} vannbes.

It fallorms Ao Ehis discmston Uhat Bg. {3) describes the lesding order chiral loge in
queirhed Hy .

4.3 .ﬂr I.I'I’. Ej

The iniliin desienl My picks oul Uk posilive paritly pirl of Oy, whet conslats of & ssm
of wight different terma: foer “weclor-veclor™ (3 - e} and four “axial-asial® 1.7 Tonk
Thﬂutlu-mlﬁuaﬁuﬂuﬂh-iu-ﬂﬂllﬂtﬂﬂtm.ﬂhmwm
Lrnacen reer color mdices. When deing & sumerical caleul Jeulules all sateen legma
wcparalely, m il i mbereting be peedicl their chinsl behavior and finite wedume dependernce.
I Uhin subssction | calenlsbe the lesding order chind logeitkee for the four Lorents invasiasl
combinations in which the inden p s semmed.
The preciss definition of the breakeg of My into sxbeen picoes is Ui

Il. Witz down all coabrsctions (e, pmdecis of quark propagsion).

2. Fiers transdorm the operalor sach that both externsl kaors are comnected 1o one or
dhm.ﬂwﬂhhhlnh_m#mﬂﬂhm
oF b Lrites aver oolar Indsoss

L Break up each of the resulling terms inlo the eight vecior wectar and auial- axis] pimoes.

Clearly, this definilion spplics al the level of conleactions, Ir st b use chipsd pertarhation
heniy, himever, one mail have & definktion in Lerme of mabria st of sperston. For
there or leas Aavors il @ pel pomible bs wrile dewn eperators whose malrin dement give
each of ihe sivteen l=ma separsiely. A | show shorily, io do Lhis requires sl beast four
valencn Mavors. be guenched QUD, ihis presenls so problem, for ons has slready docoupled
LhﬂmﬁWMdﬂhllh_ﬁlhmlhmm
e ool direclly spplicable Lo fill QCD. They should, hosever, be o wdid for full GO xa
thery wre for quenched QUL

Comider, then, & thoory with & > 4 light Aevers: an 2 snd sn o, both of meas my,; & d
wrd & o, btk of mass my; and N - § olher quasks wilk arbilsasy [ Ussingh small] masses,
Lt ke & b bl 0 phon, sndd Uhe K7 b U corresponading stabe made cul of pramed gearks.
Dchise Ay and By in Ukis Uhooty sxaclly i in CHETR

My w (FE i+ o S+ KT [4E}
= YBgiimy . (47)
Then, by comparimg conbmeclion, we cin wile My o lollows
My = My + M) [ELT]
My = My +Me [4a)
My = Mg+ My K011
My = (KW ] (e[ 1]

m



Mg = (B ) k]I 5 (53]
My o= (B ) el (53}
May = (T ] [Ber ] |K) - 4]
The paint of the sxirs Bavoen |8 bo ekl oonliscliom; each of the malriz slements in Lbe
lasi Four lines has only one contraction. The luctor of tes on the st L sppean becsus
ithe e billimears in My s identicsl, snd s Ubste aie | wsoe o many conlisolioss 68 in Sy
and My The mbscrapla | and 2 indicale Uk pumber of drsces over coler indicm.
The coapeapending H-parsmeiern ae delned by

Ay = -'l;ﬂﬂ. H"-!f}m:-h|, [
and |denibcal equations with ¥ — A, These definilions are such that

B = By By = By o By o By & Bag . %)
|thﬂmﬂhmh““hm“mmhﬂﬂhﬂnﬂnI
TS5, sad s By = I, while By = By, = By = 0. Tha ical resalin, ol Im Secliom

T, e not, in lact, ageee with Ll predictions,

I caleulste the chirsl logs in Ubese 5 i e full theory, and Lies argue that
Ll pesiilis appdy with oaly minor chenges in the quenched spproximstion, The frst sep
in bo transcrite the problem ko e laaguage of chiral periufbstion Ueory. A cxplained
Inmtththlmﬂdrthihmhm{n-rmd-'ﬂhm“

1hr hesmeves, is mese complicabed. 1 lares ool Ghat, 8 the seder | am
--m-l:lnu;.-:mn-lI rvn-l- the Inllowing sl

8, = Mzl rach, is7)

e, = MaEh.marh., {58

o = el {5

O = MAEANATL) {50

o = sl elar, . {61
The awverall [mciors are ch for later

To teanscribs ihe quark operatoen, they musl be wrilles in berms of repressstations ol
Wb SN} = SN | chiral groeg. The Ars step 8 to pemite the speralons |n berms of
bl mnd dighi Bareded bifinesrs

WV o= HIELL + [CRL + 07, [Aa) = HIC - R e e, sy

where 1 = 1.2 [nbels e numder of ocolor brece. The srgalive paiily speralen O and O
do pel conliliile b Uke mstrin slements undar sindy sad con b= igrored. | em ming Uhe
comipact nokalion

Y = Ered) B (eaj
[AAL = (] ] (2T
[FEL = (el ] [t i) ()
[eay = [l ] Rl =mdd] =]

with similar definilions bst opeswion with two oelor traces.
The bell-barded biliners L and [ trandbsem sa ((N2—1),1), br o adjoiste usder
ﬂ-"l-""l; snil aglets ander S0 N)n. Under SN ). [L'L] lies in the symmetric product
tws wlipmint,

COY o L = 0 o 1 P = ] o 5 a1

Thee representations & and A are both trsceless, sod aee respectively symmelsic sad andi-
symmekric under interchange of quack indices. They have dimessions [N = N & 3004
el (& = JYN & 1)/4 respectively. Since L' and L have i flavers in comman, iLheir
praduct mus be a combisation of 5 and 4. The combinstions belonging be sie or other
represenLELisn e

[E e [ By = B M o] e s ) 2 05 1 e ] [ 1 m i) & f i - (58]

In rkir! perturtalion theoey ihe lowesl dimension operston translorming in ihes: feprsen-
Laksyivk &2

(§.3): Cp=+y

(AE): D=y =i,

Thin e iranscrgtion of the coalismum eperalems i

L+ [L'Lh = apl%+ 00", 11589)
Wik - EEh = ous &0, [}

where g and &y sre pew, unknown cosflicients. uuuu-aﬂullulhlr-h-h:rl-lhi
makriz clements between & K and & 17, using the wcuum salesslios approximation for
b, snd tres leved chinal iheory for i rha The -Ill-lIll-H-lﬂ
“-I'l“'"ﬂ"l m_'ﬂ-nmﬂm & sl ¥l ko

The | L° ) operabors sramsiorm s ([ — 1), (Y- 1)), They can thus be writien s Bneas
coiastions of the Ukeen opsralon 0. which also ieassloem in this way

(LB = B0 & RO + Oy + O] (L)

There are siz unknown coclBicienb, ihiree o each ooler conlsscibon. To selimasde their sie
1 firsk iake Uie malrix element beiwess o K sad & F7. Al b level, oaly O bas & noa-
vasishing malsiz elemenl. Using vwoaum saturwthon for the matriz slement of [L°RL yiebds
the estimaten by = |, G = 1,

To mstimads the & | iake ibe malsin clement between d# and ¥'d oone. [ chiral
perbuhat on thevry ome Fucds, sl e level,

(KT BT = —A8a 7 4 Ofnm ) . (2}
To e the warunm sabesstion spproximation | first Feers teansform Uie operalors, ©.5
[ PR AR A TR AR A [he ]

n




w &y & a4
a. oy, A T h

A¥'¥h oy o B m B
HA'Al oo 0. -& -m &
Haah o o =% -n -h

Takle 3: Deromposstion ef quark operuton inlo chind speraton E_"E,ﬂ"

wred then wae
(LTSN T T )
in givw
KT ML R K =~ (1]
R [ R e = =L (TH)

The resulling estimates e f; = | sad fy = I- This meibod gives an ertimaie bor U 3.
In summary, sach quark operator cas be wiitlen s T, 0,8 with cormections of ({p'].
Thie ceefficlenis sre collecied in Tuble 2, where | use Vb defmilions

og = flagdog), m

In vacuum ssluration spprosimation these aie oy, = 1 and o = |,

Al Fonir operalons in B (31)(H) mntain “left-lei® and “lefl-ight” parts. Equation
{72] shiown Lhal Uha matrin clirmsests of <lellright™ operalomn are peasvically of O(1]), anlile
ihoss sl =lefi-eli® operstom which sre of Dp¥). Neveribelen, al iree level, and for ihe
ewtemal favees K and K, all four operston bawe matriv slements of ({p'). The cheice
of emiemal Bsvors hes removed Uhe (1] conlzibotions. As we will see, howewer, Ll
combribations do bave sn effect when loops are included.

The caleulution of Uhe chiral bags paralicls Uil for Sy, The ssme disgrams cokriluls
wrel the groeral sl =

(B0, K" = [o1=cs) Bk [
+ e [ (2 bl = (i + mLilima) — (m + mbHimad)
4 e Bt (i) # Diimaad — 2Nime] — 2alma])
+ e P (Amblm) - Bmb ddmy )

—imy + mL)ma) = (i 4+ mi (ma)) - (7%)
| have simplificd ihe resall wsing mg = m, and mp = my. Onply the operatons ) sad
% eontribule o Fip. §n) wd (&), and Uk ooapectbom simply convert |7 isto Uhe 1-loop
remull [}, The geoend expeemion for fii al I-oop @ given in Section 3 These ar= b only

cantribuliens of O and &, The remsdning Uheer operabars comribule oaly 1o Fige Ble]-(e).
The phenn in Uk boops s thess diagiams abeags ooasl of & prossd qusrk sed an unprimed

1

anbisquark [or vics vera]. These slales aee avlomatically mass sigmsiaio, ke sy aumber
of Basviste, mo the resalt s vidid for ol ¥ = 4

There wre e guastic divergenses In By, (). The only quadralic divengenoos il hiks ondes
are proportional to cymf A", These can be alsorbel jnto Uhe coeficiest o, sad cormepond
L mining beiwesn 1, sad 0. The gquadratic di proportnal te oy canoel; this
in smwmtisl, hecamse ihey see nol proportional lo md, and could sol be absesbed by &
redelmition of Uhe corficimia. The quadnalic divergesces peoporiionsd te oy cancel berassn
ml = m®, 4 mi,. This is nol requirsd by chird symmeiry, bowever, a1 & dreergence roukd
himve oo whaosbeed into o, Finally, there are slso quadratic divergencrs hidden i [ which
can be shsorbed inlo [, s dSecused previomly.

1w collect the resilts for the B-parsmeter, using the general foemels Eq. (T3, Uhe
for m, = mg, smce il Lerns gt Khat thess wlen spply in the quenched spprosimalion. The
generalizations b nod-degeieiale quarks afe fasy 1o obias from the ahaee. For Ube wector
#-parumssten | Ead

fvy = Moo - &)+ Joell -”-F—MS;“ =ink, (¥
fn = H-1 —i:]+ln.-”:| —ﬂ.:—‘lﬂl&ﬁ = fnli. L]

Bimoe My = M, = My, the srpumenis of e £ are ol e e, and [ bave dropped Ehem,
The resulis for By aee ibe same svospd thai berms proportions] o &, « and E baer e
oppreite sign, & check o thess remulis i that Uhey combine Lo giee Lie same pesult for
By = By 4 Byg 4 Bay & Bug e bund previously |Eq. (#4))

By = Jas(l 4 by - 24] , i)

peeviding oae entifes B = Eog,

The correckiona ie 8y By mechide n berm of the farm [3fm] which » proportional
i Infmg]. This s enhanced by o lachor Hp‘rml-mlhr-udﬁﬂhﬂ. The ger=1al
peaasbbilily of enbaneed chirsl logn waa noliced loeg sgo by Pagels sad Laagarker [i]. The
iuhpdhhhmmmﬂﬂﬁtfﬂtmﬁhﬂﬂﬂllrIlhI'I:HFlPllF.I".
rallbest ihas of OVp"]. For small enoegh my the sshanced log dominstes ower Uhe “leading
wrder™ terma, amd il divesges in Uhe chiral Bmit, The wecler verlor s sxisl-srisl malriz
elements do nel Lhemarlves diverge, bul contsis & chiral log proportional e m Injmg);
ralbeer Ukan the asual mi in{mg). The unknown scale in Che lng can be shenrbed mis &,
[Eh] poads Lo mizing | Oy wad .

These resulis can be alapied b0 the quenched spprosimation with the by now staadesd
pracedure, The ressoming in idenlical b Ukl i By, beeause Ghe quark disgrams sre the
same The anly disgrams conlsinisg intemal quark loops sre those Bl change [® o ff,
s these cancel in B =parmeiers. The obher Sagrams, toss of Fig 7, are incleded in the
qlmﬂﬂmm.hndm?ﬂhdﬂmhﬁﬂmhﬂﬂlﬂ
iheosien. The Fawt comes Trom the fscl that the mass sigeasisies are sol e same for B
dingras] sintrs. This i ool redevant bere, hismever, sinoe &l plons i Che Inops are Bxvor
ol diagenal. The secomd comen from " bosjs, which do nol conbibule b U fall thenry,




hl.ll.mi,!_hlhmin'lqu'—:ld spprezimalion. The quark disgran s Uhsl shiwn
in Fig. T{e]. Amfoe By, howeser, this diagram does aol conbitbale | m, = my. For 0,
mﬂﬂhu'ﬁtﬁﬂﬂlﬁhﬂ'hbﬂm#hhm For 1y sad Oy, i la
becauss the ¢, slhough i couples io the operatoes, canned sppsar in & beop like thal ia
Fig Tls) Becsuss the favor indeoss are wiong. The §' docs appear in 1ee loop disgrams
The conclusion i that, bot m, = my, the reulis of Fga, [TE}-(M) apply without cheage to
mu;mlud spprawimalion, For m, o my, howeser, theee will be additiona] sonbiibulmom
g Te).

Theere e complication in the numericsl caloulatbon of the - parsmeters which srisss
il mne uses wlaggered lermim | desribe Ui brielly heee; lor more details s, for exumple,
Refn [19, 15]. Each laltice siaggered farmion represenis four continoum flavors, s the quark
fieldn hawe an edditionsl favor indes. The bilineaes Uhal wre wctually used have thest exlia
indiees condracied as in

ol — By & Bpygdly = Byredy = By {82}

where Lhe oolor indicss sre imploil. This particulss Aavor is Chal of the laltics Goldelons
peen, and in sameical caledlations dhe eaternal kaona hawe this Naver. The analyils glven
showe i valid for sny nember of Asvers, sad thow appliss duecily o thess generaliasd
oprrsion. One simply b lo beeak ssth malrin chemest up inlo paits, sach of which
ik thaose im Equ. {51)-[84). Hewping track of Sawor [actiors, ose Fads thal the fom of ihe
fesat] rewal in snchanged. The saly difference i Ul most of the ploan in the lowps bave
md-ﬂgdhm-m&_ﬁ-l-HHHWHﬂ
ihal only one sul of sxtsen plore s & Goldslons plos. This js important s Enite bsltics
wparing, berause non-(ioldvione pioss sce shghily mone mmeive Usan Ghe Ooldslone pios,
noa-Oloksbone pioms will e Trom those of the Goldalons phoms by terms of (a], The
efleci of thin in o maks the meplecemend

Tl — & llma)imd + B Baolimmslimba . )]

where Mg and mwg are, pespsciieely, the mass of the Goldstcne and nos-{Goldsices pisns,
wrd R i the ralie of son-Coldslone to Goldstone cosffickents. (] am ssuming bere thal
all ihe pen Galdslons picns sre degenecale, which, samerically, o & good spprozimation |
Similar replucrments slroaibd be made in all the loop intsgrals in Eqa, [7%) sad (8}

5 5 LOOPS

The major pew faslere of gquenched chiral perlarbation Uory i U appearanee of Ubs Egh
o i booge. Thus far | kave cossldersd only quantities which do not leve y° contribuations st
mae-loop order. Clesly il would be prefessble o sndersband mch coniribalions, sises this
winild [nerease the nomber of quardities whoss finils wlsme deperndencs could be
In sddilin, ik i petentlally dengesous be lewee sa unssiiled probdem in one past of the
Ehesary, s it may foed back al Hh]q-h'—lhpuﬂhlhhﬂbﬂ

| conssder ihe effeciy of ¢ ko in theary with N degerersis walence quarks. wing
degenerabe quarks simplies Uie discession in tee waps. First, U q' can T chosen s one of

Fil

3 50

(a) (b) ic)

Fugure 5 [Sagrams cosirbsfog o mam reecrealbstion b Usr guesdend appres insibem. The chids
reprosuie Uar weeben from the s brm m Ve chirel Lagreagias, U srme s breeiman of Ui phese
wrgliledy £ Lieey with & cros wee of propigpalons; Ghe ol nis be silbed o oF 8 fivoiiegates.

it msss egensiabo, which allews the effecis of §° loops o be clearly distmguiahed, Sevond,
an dacuped sbove, the ¢ oaly couple ko lhe poss Lhiough e migas Letm im Ghe chiesl
Lagramgian, L. Ths mesm, in parthoalas, that g' leop only sfect mass resormalfeaiion,
und [ focun on ki in the loflowing discessson.

Ia Lbe qeenched spproximation, the oaly disgrams whach reomalice e pron suiss al
leading order wre Lo of Fige. 3dpH{I)L Motz el only the n° sppesss in Gl boogs, sinre
non-singlel stabes cunnol wanihilate inlo gloose. Ax discumed b the end of Serlion I, the
comiribulion rom Fig. B[}, which arises lrom ihe verten W80y Tr{ Ma'r ") can be rolabed
wany by & fiekd pesdefinition. |l elfeci appsars i & chaage in Ubs value of (he cossbant A in
Lo (Eg (14)). Thes I msed omly consider Fugs. 3d) and (=) Thess sre repeessrted in chiral
r-u-h-l—u—-rhq-!ﬂ;. B{a), wheee Lhe crom is Uhe gluen sesihilstion sertes, Ly, The

peneemalise] mass 88 one-leop from Fig Sa] =
Y T 8
XFighe) = o [ Gl oyt + (4= 14 ()

a .;7(..3 1 :.-un] Himd 4 A= 1lhime  (86)

The mass in the loop is o, which squals m, o iree level This el ageees with Rel. [11).
The &7 terin in ihe inlegrand leads b0 & coavection of the wusl type L bs proportionsl tn
mi lajm, ], e wasishen in ibe chiral limil The s} berm, by conbrast, leads Lo & coreckion
propertions] bs m] In(m,) which Swerges i the chival limit. This enhanced chiral loyg i
simmilar ihose appeasing in By and By The sddilbonal dimensionlul parameie my violaies
the standard power counting rule of chissd perinrhation theory, acoording Lo which sach
loep pemen with a lsctor of m], possibly mulliplel by bparithm For small epagh m,,
LETTIE

In prwctics, w slicessd i Wel. |11], this sammation may mol be mimerical lmportant
mil——hrduhﬂi-hrbmﬂ-j“mzmm.

o]



To ealimils e siae of the cofpertisn, | viract the leading logarithes

K(Figta) = —ila {%} ' [5T]
Here | haree inlroduced the passmeier
e 3
AP -

whiere the eolimate wses W =3, A w |, wnd mg = 900 MeV. Taking A & m,, the magnitade
ol the legaithm is roaghly ursiy for m, = 400 be¥, Thes ihe correction incressss m! by
anly 0%, and meummalion is sol eequinsd. Sinee the logarthm i ool barge, lowever, it
dors nol domingle oeet conslants sl power correciions, and Lhe fell excpression of Eq. [8§)
whirald b umed

Bernard and Golerman have begun & pregrem of calrulations, in which ibey inclede
" loopa only sl maeloop onder, for the peasvel oaee of moacdegenerale quarks |11]. Their
predicilons can be comparsd Lo pumernical resulls for varioss quaniiie. My isteresl b shis
seclion in nol phesomenslogical. bt rabher Lo undernland the sppareat Seerpence =f Lhe
correction in the chivald limil. To sddeee this question ene sl resam e leading logarithms
of ihe form m3® injmy 1/ /= This s relatively sirasghiformasd, beeause ihe leading logs
come enly from diagrass in which £y appears o & propagstor both ends of which come
from the same veriex, An snumple in shown in Fig. 3(k). Diagrans involving 5 peopagators
cenpecting Lwn or meone verlsoes have fewer loga. For exsmple, the disgram of Fig. 8(c) gives
& copreriion pauportiomal o mist ¥, with no leg et all.

The bubbles excmmplified by Figs. 8a] srd {b) som up s an exponential

iy = Zpoim enpe | X (Fig fa)] . (3%
ke loanling eparithimiic parl of wihich s
—' - :FI{ L ] E [0
ml'

It wisnightforwasd Lo show Uil the same expeneniial Tacton coarecis any weriex comimg
Train Lo, & Lhal Lhe enlioe maas term @ replaced by

- (&), o

with Ube provies Uhal e o' Tiekis comiag from this verbex be joined togriber by an inseriion
af £y, Ore corallury of this resull is thal the g' e ilsell i corpected in Lhe aume wap
na mmg, #o Lhal ihey remain equal, This means that Eq. (5] shoeld e Inlepreisd 58 &
weli-consistenl rquatien far the commen plon sl o mass, wih my on the rho. replaced
by rig. Salvlag Usis squation yiehis ihe Snal resoll

m = (g (47} s

7

Qo X0

Figare % An crampln of 5 agram eotrrepondmg o sl romsbiles] Iradiag kg svalasiben of s, b ks
apurmsbwed apprrsn prsatom (a] = chivel protecialioo e, [l e ol dquaibs Hotaton s ie Fo &

Salvieg By (M0} seli-consutemly corresponds o samming sl the disgramas ol the form Fig
F(al, in which each internal o' propagator is decorsied with aay nember of bibble sema. In
Lerms of guagks, Uhese “cacfin™ disgrams knck like Fig. #h).

The seaull By, (97) sooms very odd ol At sighl. For one thing, m2 hes & men-saalytic
dependence on Lhe quark mas, For anclber, il apprass io costradicl Ube sireng memerical
eviiepoe Ehat m® o m in quenched s well sa foll thsaries [34], To investigaie furiher, |
subalilube Eq. (52) back into Eq. (1] to give [wsing alss Eg. {133}

£ = =L gttt (A (conlpad TR 2N 4 isatad Tri-ZH) . o)
Thils says thiat, 8 leading log order, Uhe efert of q' boops amounls o s cheage in Lhe conffi-

corsk nreliiplymg the mass lem. The hredd £kl | i boeobin Ul gaimes a8 1hiad la
ghe full theory ' s long s one wses & e moass w°
r o AR

Laked s Uhls =ay, she pesali |s less sirange. All the relatlonships beiween smplibades
iuﬂ!iqﬂmmiﬁ-mﬂu—lﬂ,l!.mwmuﬂlﬁ]mh
melss, Thess relalions ivesdwe snly the physical parametsn [, sad =, wnd not the quark
mussen. [n particulas, ihere is no conbradiction wilk exacl lakios Ward ieabiles thal can
he derived with slaggesed fmmioas [19, 2],

Muluhuﬁ.ﬂduﬂhﬂluiu'&huﬁd' nmmm
dence, The precies form of ihis in discumed im section T, The s
foo presenl purposss 8 Ehab I boe s s s funcbeon of physlcal quaniities slone, nld'nl-nl'
m [of m'lL Thui one caiaol e Ube Ehile volosie Bobarvioe Lo olecrve il b aialptic
ﬂr{ﬂﬂdﬂnm--

In Ubere any wap of obecrviag Ui depemdence” The semaming hope eald wilk e
numerical bsldice rowlls for the quark m-h-&wmﬂmi-.‘l}umdrn—h [;*b
"E:“uﬁruﬂnﬂmﬂhw orer rrem follow v el S amed on ihe i 3
v A e {mug chagrura g ol rpuarh o




predicied dependence of m2 on m is gieen in By (93], That of the ondessate may be
wied [rem Eq. {81) [or from the fomuls of Gell-Maan, Oshes sad Resner)

ki

() o midh & ]

These prediciions ase in apparcst confict =itk sumericsl ssmalstions which find el =) o
my nad () = (Wl + O my, ), where m, i U bare baiticn quark mass [34], The rslts
wre prohsbly good enmigh lo Fule oul & 5 0.2, assyming thed we adenlify my wil o

I full D Lk identification i needed for Gl following rrason. The bars quark mass
m, i part of & scabar sacoe 5. Fustliossl derivalives with repect io 5 yield correlslon
ﬂ!luu“h’iulhp—ﬂﬂl}pmmhtlutumh pero we vlduin
the correlators in Lhe masshess theory, b condemaie bring U simplat snsmple. We rxpect
these coevelatons b exisl in & reggulaled theory. For thim b be se, the chlal Lagyanglaa mant
cornuin only positive inlegral pasers af 5, This means Usal, op lo s syl conslesl, sl
up bo porrerbisng of D{m?), we should identify m, wilk m

In guserched QUL by conbrast, one dom sol haee s Lagraagisn framewosh, and | see ne
reason why the conmecton beiwemn m aed my should be salytic. | propose that m, should
bt idenisied wilth m' (up Lo an oversl] [ucior], ratber Uhan with o, This seald imply ke
relslanship

rn.-::m."". m'

A far ma | cen bell, mhﬂlhﬂhwmm“nmtﬂtdmdlh
mior knalitic depepdesce on m

8 FINITE VOLUME DEPENDENCE

The di icen Lhes [ar guaskiles calculsted woinfaike vwolume, Humerical sima
lsthens, by contrast, are dose in faste booss. These bave fnile exienl in bolh spaor and in
Euclidews “Lime™. [ denoie the lmglh of (e laliice m the spaiis] doections by B0 = -3,
wrefl e bengih bn the Lime direction by Ly ﬂthtl.ﬂ'hﬂlﬂdbnlhth-.uumhg
T-Ill'Iq. In ke follewing discumion, | msuime Whal Ly > > L, s thal Lhe domissnd finils
size wliecl iv dur bo Lhe spatiad yileme

Crames and Leubwyles bave shown Uhal Uhe sarme losp graphs which giee rise o the lrading
charal logariltbhme alsn allow me e predict the leading Eaite wolume dependesce |6 They
lsve presenied resuis for [ and my in & Uheary with ¥ degesesate flavers. T in simpls io
extend Ubeir mribod lo say quastily for which U chiral loga are known. The only bty
soncerna Lhe applicability of their method o the queschied

mrmw“mmmmmmhuwm
throry enters only Lheoegh Uhe phon The chiral lagrangiss joell doss ol
depeenid on e wedame wnid s l-kﬂmeuiujlr-d peeitiiFlsabaon Wiy ke uschanged. This
in alss lrue of cabersal sources, such o Lhal repersenling Oy Thes the conslants |, @ srd
£ e volums indeperdeml. The volume depesdence of the pon propugaior enlers Cheoagh
e Bosurefary cordidioms, which see perodic in all feur Euclidesn disectisng. Tha means
Lkal Lhe inbegral over momenla is eeplaced by & sum, in which p, & an inbsger moliple of

rfle In position speor, Ube propagetor i o sum over perisdic imagres
Giplr.m) = Gw,m}+ Eﬁn-,&,.-:. [97)
s

wheeem, = (10,800 {—1,0,0,0), (@,5,0,8), #c. Vel drprnd [romm replmcs
G with g, in beop Imlsgrals sich s i and Iy,
Thtﬂ—i*-huﬂlh:&ﬂl"#-iﬁﬂhﬂﬂmhﬂtm.
The wrgumenis for tils sre presentsd b detall in Bef. [23). The ingredienis a='? {o)
ihad chiral Wad idesiities remaia walid ia Baile wobame, (b) cessality, (o) thal the plon
ak Bxrd disLance should spperrsch the infinss volese form s Ube volome iscieses
Lo infinddy, sead () the permulabon symmebry between the four directions g = | — 4. The
fitsl Ukeer ingredienis sstablish Ube cxinlence of a finile woleme chisd Lagrangsan, sl that
L coaffivienis of its leading Lsms see the pame s b infirdis wolume. Velumas
wappresed by passers of 1) L7 bs allowed, s there can be terms smch s T, TrBTRE L.
Such terms are ruled oul by Ube oeslh ingredisi, p--l.m-qu_u.u- This symimeelsy
impless thst, il there @ say dependance on the spatial lengiba [, there mul sbo be &
drpendence on By, and hos on T. Bul Uhis cosbradicls & standard Sl ibemetic remill,
namely that the Lamparsiare nier Ube Tunclicoal inlsgral repeesenisdion: of Lk pasbilion
funclasn osly through Uhe boundary cosditions. This permtation symmetey rales gut [
dependence in Uhe verlicew al any oeder in the chral sxpansion. For Uhe symmetny by e
pressak, Uhe boundsry condifions mrst be the ssme in all foer direcliors. In padicular,
since Lhe finile lempraturs Tunclions] ivtegral bas anigeriods beindary oodithes on
Bermicma in the Lime direclion, Ube boundary conditions mml alss be saliperiodic s e
spakial direrliens.
hﬂ.quq““ﬁmf-_hlhhdlﬁﬂlvﬁlﬂjﬂmﬂﬂtﬂi-
o he logimer, oae i detiwe Le Wiad wlenbities on dhe lallss independand of Lbs querched
appromimation (16, 19], A for b labier, il is sessosable b sssuee Ukal ihe hosndaries be
oame unimgerian. s Uy reosde o infnity, Bt the bk of dynamicall quasks means s
“:—dmh—uﬁmmw caasality. Causality sequaes Lhal the

L

anlicommatator of fermicn felds h ide U forward lighlcone. In U quenched ap-
progimation, ene caanod coaslauct e aaaler msblrix srd obiss. sn operalor formolastion =
which quasks are represenied by salicommsding of & leua [ d way of seeing i

I8 b mote Uhal, withosl quank loeps, there b o Paull exclusion primciple, so Uhat, i some
serae, fermicn felds no loeger sslicommete. The lack of quark leops alss means Ukal Uhe
foarth Ingrediend. permulslamn symmetry, s ol relevaat, The reguirement of selipericde
bmundary condilion spplios Lo inlemnal quark beops, for il @ Lo loops which build op
B combribution of sisles coniassing quarks lo the partition fenction, Since Usess loops are
buenl, ot s foee bo choose the bowmdary condilisns on Lhe valenoe quarkis & one plessss,

The sherace of Lwo of Ue four ingredisvis means thal ksl ooe cannol mgorously angues
for khe wodume independence of Lhe chirsl Lagraagisn in ibe guenched approommalon. In
flarl, w alresdy ducussed, evem e exisbence of mich & Lagrangios is an asiiimn plios. 1 =il
simply extend Lhis psswmgption hy Lakimg Be qoenched chinsd Lagsagian o bave voleme
indeprndent coeflicienis. 1 Uhink bl o peassmabde, and in ihe Tolbewing | gve o qualibakive
argumeed in iks mpporl. Ullisalely, bowever, M munl be lmbed by sumerscal st ns

i ekl ooe msl work i solumes lerge reragh el deral syrmemeiy ol sesiered




The physical salgin of the Balte dae efecis from chilrsl Inops s thal pariicles are mr-
rouirebed by o choud of widual piona. Tha pioes in this clowd can peopagate “srcund ihe
waild” dus Lo Bhe perodicily, the propagstor lalling svaghly like ezp| —m, L], 11 ihere were
ne inbersrbions, then Lhee would be po plon cload, ssd the anly eflect of Baite volume
il b2 do pesbiicl e momenls b disoretie values. In particular, masss would remasin

. Lidscher han gieen & groersl snalysis of finie wolime effecis slsing feom polar.
lzsthon clowds on the masses of stable particha [7]. Fer the pioa, his waslysis implies that
L= keading ceder effecl comes Brom o "tadpole™ disgram, similar o Uhat of Fig. 1], escepl
that the wertex and propageior ere fully dressed. The eracial resall i that volame depes-
denoe elers only Lrosgh e pion propagalor, which goes “srcund the werld™ in sach of Lhe
win wpabisl divecticne. Lischer's genersl foamuls simpliles when sppled bo plons, bocaie
e ekl do & chiral erpamios of the propagator sed vertioss ¥ The ressll coincides with
Lhal oitained from chire loops, up o exponentially smsll correcions which sse beyond Uhe
worwind i ol Lasecher's lotmiola |[B]. This sgreeiment would not bold i Lkese were any volume
dependence in Ube corfficienis of e chirsd Lagrangias, ssch w terms of 1707, This
provides mdependent confirmstion of the sngumessts of Rl [25.
wiee oof Abe boo Lhrommgghs bosop diagrams, and b particsler fhrough the pion propagsling in the
loop. The werlex which emils and sbsorba Uhe pion doss nol ikssll “know™ aboud Lhe Faile
wrduma. Suck knowhedge would requize srother paon loop, shich woald brieg ss sdditons]
exponcilial sppremion. This physical picture applics alio be propertics of tbe pion olber
thaa ile mass, [or exsmple [, snd By, | sleo seeme ressonable bo apply i€ ko the quendied
Aol

The previcus dacusson has ignored Ube possibiity of Snite velume sfects dee b particls
being "spueesed® by the bon, To svoed such squeesing the bax musi be lseges than dismetisy
of lhe particle. 1L in pel very cleas whal boo site Uks requiess.  Numerical calculations
of waricas defuitions of “wavefanciions” show thad Lhey (&)l sppeomimalely sxponentially
in the range D515 fm, wilh & scale of roughly mep = TS50 MeV |26, 37]. Ths may
imply & corection fscler from squssging thal [l s expl—mwwl]. As long s m, <
g, bl conliibulei feom sgeecting absuld be suppresal. AL large ersigh dislasoos the
wawrlunclion should [all fasier than sa sxposesliol, s the effecl of squestimg should be
Pl aiipjerassd

l-h-mﬂmﬂmﬂhmihuﬂﬂhﬂ-“.ﬂﬁuﬂ-’.
Such condribations woeld fall roughly s exp|—m,L). As long sa m, << m,, Ehey should
o= wpongly suppressed relalive bo e ool butboss from plon leops.
are Iy wnd Fy, proportional respectively 8o [ snd [ G7. They s reluted by

film} = —m'ﬁ Iiim) (P}

Tk peasder commmlling Mlal [7] mvaght bes arvsliedl by e i, Lsad L maingg bovym i Liacher's Frmmsls
Talls ke sl — /T Am L |, La rocis pageidly (o aupi—mL | This v, ks . b bkt o i b

it m gl o othe ikres pica cospling, which bomim The donmet ik (ol e sap)-mil), sl e
| e T propeariimnal Lo anpl - ImL].

]

oo il & suflicient be consider [y, B is simplesd Lo work in position space
Iijm) = ;—,j’mma.m = FGulz=,m). {98)

The suibscript & indicabes (hal Uke position space propagsior in smesrsd o 5

rage | A
dur o the cul-off os the mamentam integral. AL finibs volume we smsely substitsie 7, [sq,'
(971} Foe &, W wre intesesied in the differesce

T, L} = dyfm, L) = Fyfms), {108
which i grven by
FTim L) = 5 GyingL,,m) {1ou
e il
L] E Ging Ly m) (LA
il

The smearing of the propagaion has been drogped in the second line; this i s good sppros:
imaion il L =3 1S4, s s bree in peecilee. The preciss form of the cul-of i ienglovant,
Uning Eq. {82), Ube corresponding resull fee Ty in

FTim.b) = E, Ol ) (83}

In ihe notation of Gassst aied Leulwyler Uhese pesulis are |
i, L) = pyim®, L) 5 Toim, L) = mPga(es®, L) - 104)

The finste volsme dependence ol [, fir, Hie, By und By can pow be peedicted by ssbalii
lkﬂhﬁmﬁlmmﬂﬂmmimh ™ =

To sctuslly cabeulute the T, it is conveniest to use the heas-kersel representation

1 =g
Fﬁ:.m:u-"—'Ff-nm 1g-riHageat ()
Tning this, e fusetions gy wed g twm ot do be particular cases of Uhe graeral Fanction
I
u.:m.n,:-‘—h?,[m-";.mfﬂ-.-—’. ji86}

the praperties of which have bees dicussed exteasively i Rel, [2%] The crucial gaind for

presenl pafpees is el Uhe s over u, corvergen enpidly, &8 losg as mi, =5 1. This s
bt puse mach berm falls like exp ~mn, L, ), s can be soen by renlusting 1I|-':u integrals in
muckiln palnil spproslimatioa

ot e 3 ]
Gilwm) - ﬁl_l’ m & [l +—_— iﬂ[m]} [BET)
i mi v
~wgClnm) = e {' o — “"ﬁ"} ()

J=.



To ilesirale the properiies of Ve mbegrals | set Ly = Ly = Ly = L s sssime [y 2 L,
whivh m b protieh rp wsed o s | ad hoas, This rrecan Lhal in ihe im oves m, only e n, e
man-gers. I is serful Lo rormalise the resliy by Sviding by Use saddls poind spprosimathogs
i e L vl ving propagation enly b Ube slx sdiacenl perisdlc images, e m, = (1,0,0],
{=0.0,0), (6, 1,00 ete. Thes: ase

el
Silm. L) = $ooes .:|-'|'I|;_|-TF . {109)

- ~md
5;lmm, L] IW H E F [RL]

F:H-mllﬁumlhrui-ﬂ.'i.dm e nurreerically, bk Sferenl aumbsera of tivm in L
DT R, Wm#ﬂhhﬁ#?#!brhdﬂlhh"dm-hm *dmiance”
means f = JFCa. Thim for % = | oaly the sin f = | berms are kepl, while for % = 4, the
veeber d = %, wight d = /1 and (he sin d = 2 Lerms are wlm included. Varioa poinls are
fradamor Ly

1. It is steatghiforwand to show Lhal Uhe ratios depend anly on Ehe prodect m L

2. The resulis s W = 1 abow ksl the saddle peinl spprosimatlon ls srcemde fo belter
than 0% for sl > 3, 1 o imcledes Use | fmd. coereclons from Ege. [ V0T ) and ( 108]
then Lhe agreemenl @ beber Uhan 19%.

3 The Tull eeault (¥ = oo} dilfees subsbanbally Trem U leading seder team (N = L) o
wimall el Typical simulations werk down 1o m, L = 3 = 4, and for e il is clear
(bl Lher beneding Levm in vl siilfzecsll. “This was ool spprecisbed in el [13, 17, 15

4 The bulk of the diference is Laken up by the ¥ = 2 bermn, with N = | being & good
ppprosimakin o e full el

B. The cation for [y ared Jy sk ¥ = o0 see wery similas,

The reed ko include sol caly the d = | lerm s lhe sam over m; reses the question o
whelhes Uhere sre other cormeclions of comparsble vise. Higher loop disgrams gree vise 1o
Lerma which are also preposiional to expl —m, L], buk see suppresed by s additional power
of ml{14a7 (" Theer may be mubstualial for prescsi laltics pion. masses. There are also
corrections Trom bese oo dll.n'__rmndhd-hhrl-p—r-f-. mredl by an sddilional

Imm“ﬂl—“L_ﬂ-ﬁtdﬂ:mlﬂlwﬂﬂ.l Thhis
cubs off ihe mementba &l p == 3w fa, which sheuld b= mods larger than Use chirad cot-off A.
This condition in satished in preserd imulaticns, for which Tsfa = 12 GeW, Such = large
call-oll shioekd have BiLle rifect on Ube propagetor ower distsnces of L or grestes. Te chech
thin, | replace Ehe coabisiim propagalor by that fee & lattios soslar feld for which Lk seened
m“hi_d-nn;llu-l Lae] iphbor forme. This b5 for lusieetjve

prmry mly IL-M*hrh-HrmﬂtHﬂnﬂ:l e discarticed, or indeed whelher
rll]'puldhld:-:rﬂ.-lﬂ-- My ibiris m really (e weisl CBSE O CEN IMAgine, Emow

3]
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Figure Di: Tha ruike of vie Buite wolems pari of the intsgrals [ o the wddle poisl spprbmasts 5, fo
[a] Fy e (] Fy.

discretizstions invelving moer neighboss will gve & better sppeoximation bo the contlnmm
dezivalive. Wilh Uhe nearesl reighbor form, Lbe lallice propagaton =

Glegoat) = [ dad, (20 (el (o) et ()

bere &, i, 8 and | aae inlagers giving the dislances in labtbos units, sad I, is the 'Uh mesdificd
Beased Fanciion {aned shoubl nst be confused with the Gbegrale [, asd [y ander sindy). The
rakks af the imtegrala using Ukin lallice prepagalor to those using the conlinoem propagstor
wre whoen in Fig. 11, The resulis are for ¥ = |, bol Uhere i &0 sigaificanl deperdence an
M. The ratic is closs Lo unily, he difieresce pob exoeeding 10% for the valees of m, snd
L used in ibe simulakions Secussed in e fllowing meticn. The effect |5 probably smaller
thaa that of higher arder chiral eomeckhns.

T NUMERICAL PREDICTIONS AND RESULTS

s Vbl st | coverpsre Lhe prediciions for chial logs and ihe associsted wlume depeadencs
with mimerical peaulis. Fre the most part b predicled volume is mmalber than
the siatistical ermom of present simvilatbons. My wirn in such s @ Lo show bow close we
mhmlumpndm Mhlﬂ.ﬂﬂ‘ih:hr-hmﬁﬂdﬂﬂuuﬂlmll
wolarme
l_m._hﬂ_hb_q—a-imip-smdhﬂ-ﬁ.lll
Ik Lirsa. Fn-mlzumhduidhmpui:mﬂahmlhhﬂm“‘ﬁl
ke laliier spacing obialned ram [, fa = L7 GaW, iihe smalles ladliee s Lo |0 fm, the

H




Rl R a T
I(1)
I.E‘-— I;{l]' ok

m, L
Figmee 11; Rates of s {{N = 1] sralesied ssipg fbs lstion peopagater % Urss cvaluaied weing the
v ns i

larger L = 1.8 [ Both latlsom ane probably large encugh ss thal Lhe squeezing of Ube pion
wavelurriion is & small elecl. The laitice ploss bave mases aagleg from mea = 05 ko
DAL, o DAL = 070 Ge¥ in physical saits. The cosvergence of chical periurbation Lhesry
hm:*dhmmhmIIHP1MM“ht1!mﬂﬂ Ths bigher o
curreikions ase Bhely fo be sigalde for the heavicr phosa.

The piens in thess simulslion are compessd of quarks of massss ma = 000, RN ssd
001 Thess see combised in ol possible waps, 5o Ghere are resalts for ploas with boik
drgeacraie mnd no-degenerale qearks. The grodiclions for queeched chirad han given shave
mre only for degenerate quarks. 1 lures cul, however, that Ehe pesults for m?, 1, fg, By
e oher quaniilies depend madaly on the average quark mass. When | peesend resulis |
will wimply brast sll pions s Lhough Uhey conlained two degenersls quarks sach with the

mass.

Typical chiral logarithmis coreciions s sumbers of O]1) maltiphed by ibe inbsgraly 1,
ﬂh.mﬂmﬂummmdﬂmm“hllmﬂ.Mm
eancd praua, mad are Uh & sum oo E‘J‘pﬂkp—ldm, Mevesthelena,
ss bhe Bguee shows, Lhe resulis wre well spprocomaled by single sxponsstisls for Lhe pange
al guark mases consdesed, The magnitode of the T, should be comparsd be U 1y pical
wiadinlical riress i piesenl sumerical simolalaom, which are racely o amall i IR, For LUhe
larger Esttice, and for mon = 024 — 041, T] ssd T; wre always smalley Uian 6% Thus, for
Fﬂhﬂl pirpeses, [ o= B oorrespomds (o inBalte valume. For tbe smaller |, however,

T ab miga = 0L, which m & level Lhal mighl ke mearsable.

Ta give sa wew of the typical sive of finile *olume corrections | first consider [, s &

Ly with four degenevabe dynumics! quarks, Tha s the theary represented by & saghe

i ]

1 T
1ot
1™
(]

[l

e | T T | |
= 0.3 o4 i1

m, &
Figare 12: & madd Ty for ¥ = o, msing 10 = LT Ga's.

mpecien of staggersd ferméons b the costlaam limil From Eg. (28) = sor Ul
felLh s ol b= oafl = 2Mim,. L]} . [

% i ehear lrom Fig. 12 Lhil le oloerve thin eliocl will neguice caleulslons with & peecisien
of lems then 1. s the quenched sppracimation, ihe prediciion s thal lhere b 8o Balis
wane dependence: in o ol loading erder. Such eabers only dur bo the diggres of
Fige. Hh) sad (c], and is suppesssed by md f18x? 2, In fsct, e numerics] resmlis of Bel,
|24] sharer po ewidence for finile siee depesdence. The errors are large, § = 1%, & Uhal Uhis
tern nol conslitule & beal of the predicied difference hebween bl snd quenchesd chirsl logs

Illhlnulullﬂhﬂhﬂ-miﬁuhhulhudﬁdﬂu-l-n-m

heletid with dygomsical apmarks, The someth for 1 sgemmuie Ruvrs I
=i(L) = miL = o) (1 + A Timy. L) . (113

Frr the cordensate, on Ube olber band, the sitzation is shghtly bebler than fo [, 6]
(FHHE) = ([FdiE = o0 (1 - B Tim,, L] {14

Since the comdenssis cam be caloulated moee sesrately Lhan [, and m,, ths epislion say
olfer the lest chance of testing the predictions of chirs] loops in Ussories wilh dymamical
quarks. The anly preblem is that Usere is & quadrabicslly divergent permurbative coptnieition
G e Dnide skl 1o Iﬂﬂtmﬁﬂmmdﬂﬂhmm:ﬂ.

Aa discussed i Section 5, guenched chirsl logs in m2 come only Trom 8" oops. Dlsing
Fap (B9} and (86}, ihe welume dependesce @ peedicied 1o be

st [ L] = w3 L o=sa) e [;; E‘:—TH-..LI] . (1)

i



where | hawe drapped terms suppressed by posers of m]. For ¥ = 3, the phenomenslogical
estimate from the physical o mass given Amd/3 = [0.5G¥ 1. Thus the fscter multiplying Iy
rrages broam | 810 085 dor m, = B4 1 -0.70 GeW, This mesns Uhal, slihosgh the Anile wilmms
corfecibn v parametically enhaaced by | Jml, and is also meseased by e e ponenilaibon,
the sctunl mumerical enbarcemesd @ small. The rolume degeadenor s somewhat larger thsa
#had for ihe Tull iheory, bevsmse ik @ Lhe inbagral [ which sppeors, ratber than I The resull
i Uhat, s moa = 05, ihe correciion intreases my (ool il square) by T4% for L = 16,
wned by 035 for L= 3, The coreection decorsses papidly wikth incressing pion mas. The
wuimezical revulle for m, shes no sigaficasl linils sise dependence, bt the e s shaul
W, e ol mame bevel of e sxpecied eifect [24]. Fuluee quenched caleulalions may be able
B0 Lesl Uis geediction.

The fmrm of the vl depend ol the | L i Uk g L] appriosimak B4
b ihe samme &8 Lhal for m?, hecause md 7 o mdfe). Again the mmerical reulls shos
wex wignificanl finite velume dependence, bl Uhe erroes gie Loo: large [510% for ihe mlue
extrapeatsd o my = 0} fr this o rey Ladi wilh the prediciion

1 aow Letn 0 Uk keon B passsetsos F-:u'-lc-ﬂm-:-rh Ehe predicis] yolune
ﬁpﬂdﬂmhﬂﬂ.mfu-h-lhurlﬂdq—hﬂlhﬂ Frem Eq. (43 |
Fueedl

By (L] = ByiL) = ByiL=so) o Bl L =oo) {Fimpg, L] - 1T{mx, L)) {116}
I use mx ralber then m, io be comisles] with the name of the B parsmesien; thls dos pot
imply Uk khe quarks is the *kaon® bave diffrrenl masses. In U3 1 whorw the Bactional
size of this coereclion. Theee i & burge cancellalion between T aad T) i the mas range
of imlerest, sad the coreclion doss mol eveeed 02%. This o unforianste s Oy o be
ralrulated with errors as small & 1%, The prediction s Ehes that thare be no finile solume
depepdence, pad ihe rmulls of Rel [1)] sre consistenl wilk this.
Ax discused in Section 4, Use chiral logs im By and By are snhanoed by I fm]; over these
m By, srd ore mighl bepe Uhal ihe ssssciabed fnile slae sfiects can be ssen. From Egqu
{7¥) awdl (20). | find

By = | 8w = JiA amf:;h[-ﬂ- fid + &) — Hon + walmi)+ Dmk] . (10T)

where By inoe-loop correeled remill, Eq. (43), The mbanosd chirad log is tkal proporticnad
L yfinf. The imporisst leadures of this prediciion are:

w Since f3fml: o il fm), By shosll Seerge logarithmically im ihe chiral limil. This
i unliks iy, for which the chiral loge, being peoportioaal L mj Inlmy ), sunish in the
bl limil.

# The coeflicient of this diveigesos b8 mob related hh:hh;mm'-l-_lm“—ﬂ
s # 4+ A In veroem alerslion spproximabien J; 4 8 = 43 Typically meoaam
salurabion glves the crarecl sigs snd ordes of magnslude; if so, By is predicied Lo
diverge negaiively.

& The svtml of 1be cahascrmenl is moch grealsr than thet in U= cormeclion fo ihe
quenched mf, Eq. (115l The conslasd p.'-'-.r;lﬂllll‘ 4 mig) b8 shaat & GaV on the
Laltbew, omghly ben Limes Lbe cofpesponding quaniiy qﬂﬁ&l’ﬂ

w

R, G L

| 8By(L)/Byl=) |

Y
L - L= - -« -
H Lell —
L | L -1
B2 B3 04 o8
e
Fignre 13 Praaictions for the et srstotion 4 Bd L)l [L =osh

» Bince by morenses with L, By i predicied ko become more oegalive as L decresss

Since iy = By — By, the enhanced log in @y diflers ealy in sigs from that in By, Thes
8, i predicted to have s posities logarithmic divergemce, and 1o mceease a3 L decroasss.
Simem the sumerical rowslis e By behave a8 expscisd, Le. they have s smoolh chiral mil
sl show po volume depesdence, and since the sreon in By are much smaller than Lo
in By and By, Ubere is no sdditional isformation 1o b gained from stedyisg B This |
comcenbrules on By in e i

The sumerical results of Tel. [13] for By see shown in Fig. 14, There are iwo sirikiag
Frsslaren-

u The resulia sppess o be dwerging s Phe chirad mil i spproschal, with the sign
» Therr in u significant Faite velume depesdence, which slso has the sxpacted sign.

It waa, in T, ihese feslares Chal sparbed Uhe present sbody.
To provide & q'-.:ﬂ.l.l.u-uﬂ'h :llﬂlﬂhdﬂlm

FyilL) = -iﬁ;? [ﬁlﬂl'*’].lllr'* ﬁlm""’ﬂ""ﬂ#‘:']

w b my, L)

- | = [ ‘”"ﬂ
whiere ¢ = my fA", & bawmg the col-of oa chinad loop integrale. Thin Tusction onlaims 1he
chiral bagmithim ssd il sssocisted firite whme dependence, ingriker wilh o power seri
Im mi, The powes serees is sapposed e represent all berms in Ba. (107) sside fram Lhe

n




a0 T :
By
=05 - -
=10 -
! & L=24
18} # L=18 -
=20 l
[N x] al oz
[mgal®

Figere Ll Bawaia ke Sy venes =] s lsfticn uniie. The Bie aiv doscrabed s fhe Sl

rahusced chiral logasilkes This mebides (he nosmal chirsl logs preportional 1o m Injmp),
which fan t= &=l spproxmadsd by 5 polynemisl for the range of maasss under comaideralion.
1 chooer the particolar form of ihe Geal two tesms i Bg. (LIE] because the laop integral b

et [ Gl mi® = a4 1721~ U +3). ()

Tha dencmingtes of 1he & leim b chossn s that the Tusct lon & mmosth for ¢ = 1. Firally, tha
Mmquﬂhwmiumh&mlhmmh
[83], wikh Fug = 1, to sl teems b= Eq. (118}

Fipare b4 shows Ube et fiL. 1 haowe Lakes & Lo be D8 GV, the procise wales s animper
Lami sinee, in good sccuracy, changes can sbsorbed into ke olber conslants, These conalanis
[ %4

oy =03, o= =1.H, &=06) &==007 {120

The 5 i ressenahle, with & 3 of |4 per degees of freedom. | thersfors concleds thet the
aumerical moulis are comisicat wilh bhe expecied chirad logasithm. The oneffcient o =
smalier than the peaslt eap | from v luralion approzimatios, ¢ = 1, bul | d=
marl ppaaider Uhls L be swicas preblem for the inflowmg resson.

» Varuum sakurwilon can be & poor sppromimaiion, For example, the malriz Mg may be
s much s 5% smaller than ihe predection of wacumn ssiuralion [29]. Whal mabicra
liere, lpsmever, sre Lbe mabriz skements of o peesdoscalsr-paeudescalar operaler [l
Eg. (TL)L, and ikese are likely Lo be beiter approvimated by wacuum ssluration (9]

® | have ssmwsied by sebling Rug = 1) 1st the vertioes of U o Goldstose and
{Zaldwinna pine wew Uk same, wheteas in ot the foimer could be smaller. The malriz

n

T T

Byl 16) - By{24)

o.o1 L sl o
(¥ 0.0 o
ITigh
Figure 13 Pt v dapondonas of @, The liue shews Uen polt of e same B s in Fig. 14,

elements of s pon-Uoldalone hilmesrs sre smaller by s mach o 233% (Red. [30))

Since Lhe loop disgrems mvolve the maifin dlement of sperators comaisting of 1sn

m:hthh-ﬂu—; smplituds, & more substanibal reduction i
-

# Thers could be substantisl higher ordes clisal perlurbation theory coarsctions L the
coefficient of ihe enbapoed logarithm. That bigher seder berms can be substaniial is
illustrabed by the fuct Uhad JE 7™ = 18 for Uhe beaviest [0 lioe lsen,

Tiet fil dosw mol, however, demonsiraie the existence of the chiral logarithm, bs partleulas,
Ube eoefficient ) I determised nol by the nature of the divergence, bul by Lbe finile sis
dependence. I ose allows the cosfickent of the bogasithm 1o difler from that of the T; tem,
Uhe fit favars medh smaller vadues for the former, In farct, & B4 s goeod s bl disglaped
ahiree i oblained with no Ingarithmés berm ot all. Thin Bexibility i poasible becanse ¥ Is
rest small, and wsress over & ssall fange, 05 — BR, o the nan:logasilbmic lerms in U G
Tuirectboon <an mock up & logarithm,

I in thea Lbe il vol umes dependemos which is Ube slroagest evidence for genched chival
legarahimis. The hinolsshal depesdesen of By (16} - By i) oa s in prediciod, lnaving snly
e gverall [nclor io be delarmined by Uie A5 A shown in Fig, 15, the it does & reasosabls
ik of represenling (he depemdence on my. The shape can be alised by kigher order chiral
lesms, which ars properiiossl to mi, s one woubl sol expect & peefect match, To peovide
& mow rigorous Last ol the prediction sesalia feem amaller kaon msssss are peeded.



8 CONCLUSIONS

Chiral bngithrm cis provkde poserlul conssbency checks on mamerical simulalin. The
Uespretbcsl calrulstions are sell-louaded ol dpnamical qusrks aee incledesd. | hove srgued
Ukl 1l meeibyisds of Chirsd pevlmbadion theory, suilshly modiliad, can whins ez applied in Lhe
quenched approrimation. (ee can magine & program = which oae el Lels ihe resulis of
querched chieal perbarhation theory using simple quantitics sech as [y, mo sad (F¢], and
then spplien the predictions U obher quantities in order bo best thal the physics of pos lops
is betng propedy included. Ferthermare, as | argued in Uhe Inbioduction, il the caloalalioes
wre reliahle one cas e Uhem do estimate the sizn of the errees inleeduced by Uhe quenched
apeudimatbos

Buch & program regpaires simerical resalte wilh mreors of 1% o less, caleulsted on &
pumber of [sisice sisen al & variety of pien massss. This sheuld e pomible in ihe faaly
renr fulure, as compaber power sppersches Uhe TersFlog mdbsbane. The sumerical rexelts
pfmdhrmw,g,hﬂbﬂmﬂ“mhpuﬁrﬁtbﬂkdhhlh
radealabisn la be puaahed 1o enaller pion masses. O & given |Lioe thers m & minimal e,
ma{min), bebos which chital symmsiry bs restooed |8, Thin minimal mass scales with sian
b s min]® & L7 Thin messs thad mgdmindl o 1)+T, s that, by wathing oa lsager
Ialtiren, cne can push 1o smaller m, [ and thereby increase Uke fisibe sie eifecs.

A program of testing Rnile volese depepdence ales raquine thal guenched chirad logs-
vithma be caleulaked bor oiher quantilie. E:—nhhlhkhlhffhhqlipﬂ-uuﬂilﬂ
pewalis i Khe mexd few yrar incleds Uke matsx slememba sl the 55 = | opswton repoasible
foor ko decay, bslk CF conserving and wiolaling, and G propertes of heavy-lighl syalems,
such s B and [} mesona. Caleulatisns of the fite siae cffects in fo and fp in full QCD
hame alpeady lieen done |31, For some quaniities the guenched calculations agpeat Lo be &
straightioreard exieasion of those peesenied here. Fee albers, one mest fuoe the proldes
ol Bow best 1o Include 5" lospa. 1L mag be Chal the perlarhative apprach of Bemesd sad
Gedterman [11] willl e adequate. O it may be ihal o sesummation, sch o thal preseiled
leste e phon mase sad the condessate, b requined

I doms nod appeas 1o be simphe ko spply ihe methods presenied bere bo all quantitie.
ln pesticular, in tbe caleulation of chiral correciions bo barpon properiies, il may ol b=
poasible o usiquely sssign quark dingrams be chirsl perturbation theosy dagrams. This
problem is under siudy. "
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