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. . . - - Abstract

I'he Southeastern Univeesities Research Association (SURA) operates the

Contiuous Elecuron Beam Accelerator Facility for the United States De-

partwent of Energy under contract DE-AC05-34ER40150 We discuss within the coulext of heavy quark eymmelry a program for perforing

model-independent tests of the faclorization scenario proposed by Dugan and Grinatein
for hadronic B-meson decays. Preliminary, model-dependeni results for decays to a D
or D" sad one, two, or three pions arc presented which indicate that the prediclions of
faclorizsation are consistent with Lhe present experimental situation. Qur resulls anggeat
that such decays may not only provide a precision testing ground for factorization, but
aiso an opportunity to study the properties of excited D) mesons and to miessure many of
the universal form factors of heavy quark symmetry {(including ones not utherwise readily

accessible).
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1bnr cmploy ey, makes spy wartacty, expeass of unplisd. o assumes any begal babiluy or
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nghin Relermict baruin b0 sny speaific commancal product, process. of sarvice by Lrade
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I. Introductiou

Though analysis of hadronic weak decays of light hadrons is complicated, there is a

darssment . recommndation, ar favoring by the Unted Siaie gowrnment o any agancy long-standing belief that the corresponding decays of lieavy hadrons wmay lie simpler. This
thersod The views and opiucrs of suthors snpressad berem do nos pecassanly state or . N L. 3 ) ) i .
reBect those of 1he United Stales govesmument or any agency theseal anticipated simplicily would arise if the curfenl-carrent weak iuleraction wece to fuclorize

into & product of two single-current matrix elements. An eurly use of factorization was



made by Feynman {t] in 1964, who showed that AJ = ; weak hyperon decays were
roughly consistent with this hypothesis, while those with Af = } were not. (See wlso
the ploneering papet by Schwinger [1).) The use of [actorisation was pursued for AJ = %
decays of strangeness by many authors [2]. After the discovery of charm, factorization
often formed the basis of attempts to explain D and D, hadronic weak decays [3]. More
recently, the phenomenclogy of the lactorigation hypothesis has been extensively developed
for weak hadronic decays of charm and benuly by Bauer, Stech and Wirbel |4] and others
5.

In parallet with Lhia work have been severs! theoretical developments. Bjorken [6] has
discuaned a possible jutification of factorigation based on color transparency. Buras, Ger-
ard and Riickl [7] have noted that faclorisation is valid as 1/N, — 0 and have considered
leading 1/N. corrections te this limit. More recently, Dugan and Grinstein {8] have shown
that, for B and A, decays, factorization [oliows Irom perturbative QCD in certain kine-
matic regions. They find that in the limit where m; and m_ go to infinity with Uheir ratio
r = m./my fized, matrix clementa {or processes like B — Dr— and B — D"n~ faclorize.
Theit argument depends on the large momentum (in the B resl frame) of all the light
quarks recoiling against the charmed system (in this case, thase of the x~), and is similar
in spirit to the application of pertutbative QCD to other exclusive processes. The major
new feature is that in leading order the “hard exchange” is made by & four-quazk operaior
rather than by a gluon. In this approach, hiard gluon exchange gives small corrections of
order a, to factorization {9).

In this paper we will explain how the decays B-oDPDinvand B D" 4+ (n-1)r
may be used o make model-independent tests of Dugan.Grinstein factorization sasuming
the validity of the predictions of heavy quark symmetry [10,11] for heavy-meson weak form
factors. We also discuss using such decaya Lo measure some of the universel formn factors of
heavy quark symmetry which might otherwise be difficult to study. After introducing the
framework for performing such model.independent testn, we present here, 28 & prelude to
that more smhitious exercise, a preliminary model-dependent survey of the experimental

situation which already indicates that the predictions of factorization and lieavy gquark

aymmetry are consistent with available data.
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‘The basic program is a simple one. Roughly spesking, according to the faciorization
hypothesis, B -+ D + nx proceeds when B — D 4 (n ~ m}n via the #4{1 — 73] current,
while the current dy#(1 — 93 ) independently produces m piona {see Figure 1{a}). The
former amplitude can be determined in terms of a few of the universal funclions of heavy
quark symmelry, while sufficient informiation about the latter process, np to mn massen of
m,, can be extracted from r — v, + mn data. As we will indicate below, it is the region
of low m= mass where faclorization is most likely to work, so the restriction Lo the mass
region of the r decay data is an appropriate one.

We have chosen to make an initial survey of the data in & model-dependent, resonance
dominance framework (see Figs. 1{b) and 1(c)) for lwo reasons. First, it is simpler. At
least as important, however, in our expectation that that the B -« D nroamplitudes will
turn out to be dominated by resonant mechaninins involving B — D) teansitionn, where
D) represents a charmed meson which can decny strongly to 2 4 (n - m)r. Fven if such
resonances are not completely dominant, some will undoubtedly be sufficiently prominemt
that their production can be studied independently. In this case, theae calcniabhions will
atill be ueeful since the form laclors for transitions to prominent resonances nre themselven
very interesting. As we will discuss below, if fartorization holds, then for DYy olher
than the D and D*, these form factors mighl be most eosily measured in hadronic wenk
decays of the B. Heavy-quark symmeltry predicls sll of the form [aciors for B - g
transitions in terms of & single |12] “universal function” for each final 37" [13], ¢.9.,. B = D
and B — D*, with s7* = 17, are governed by a single function £, while transitions (o the
first o' = ;+ and 8" = %+ multiplets depend on functions called ry and 7y, respectively
{14]. These Intter decays lo the o' = ;+ and 57" = 1" atates, about 500 MeV above the
ground siates, are of parliculsr interesi: they ure the most likely snurce of any dincrepancy
between the inclusive semileptonic rate and the sum over the D and D* exclusive rates,
and in addition the functions ry and Tq are tmplicated in a Bjorken sum rule [15] for the

slope near gero recoil of the function §.



Fig. 1: in-m K

mK

(1]

{a) A graphical representation of the “nsive” factorization hypothesis for B —+ D + nr,
in which 8 - Dt (n - m)x wa the é&y*{1 - 13 }b cwrrent and the dy(1 — 74)u current

(nmix
produces mx. D

Dty

o)

{1}) The chann resonance dominance mudel of (a). Here D) is any charmed meson zes-
enance, including the special case DI = D*. (Note also that the hatched cirele includes
the pussible decay chain DY D" t(n —m - 1)x.)

(nmn D mK

Dl R

«)
(c) Fig. {1} with the sdditivnal asswmption Lthat mw production is resonant. Here R

is 8 resunance with 7, p, or a; quaniuu nuwbers.
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11. Factarization

A. Background

In the absence of strong interactions and for momentum transfers small with respect
to Mw, the hadronic weak interaction reponsible for B — Dt nx would have ihe naive
current-current form

Grp R
Hw = U',U‘, e (1 - w)b| [dy(d - e du]. i

V2

Strong interactions significantly modily this form, though their effect is only known an-
alytically at short distances. If we renormalize our calculation at some scale u with
Agcp € p € Mw, then the cfleclive weak interaction due 1o graphs like those of Figure

2 st mass scales greater than u is, in the leading logarithmic approzimation [16}],

&
Hw(p) = -;,-gtf:‘ru.lc.mmm b eolp)he(n)] (2a)
where
= [&"(1 = v )] {dradl - 1)) (26}
At - At
hy = ley¥ (1 - — - —_ul.
s = [E"01 'n)ﬁbl {401 1.1‘/,;_ | (2c)

The A' are the Gell-Mann SU{3) matrices so that hy is a singlet made of two currents
which individually create sintes with oclet quaniuim numbers. As discussed below, we will

here choose u = my, in which case

_ ‘!Lr:tw_) ] LA )
a= 3[ a(my) 3[ ,(ru.} (2d)
— -('"w) & (IE!.!}
- 2 I ,(ru.) 2 [ a,{m,) . (2e)

For {uture reference we nole Lhat {2d) and (2¢) give ¢; = 1.03 amd &5 = 1126,

While the form of expression {2) is natural (since in tlie sbsence of strong interactions

c; = 1 and cs = 0} it is instruclive Lo consider the alternalive Fierz-transfornied expression



Fig. 2: A typical graph giving rise to the low.energy eflective theory.
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Hwip) = SEULU (R n) + 2alpdha(e] (3a)

V2

in which

= [111"(1 - 'n)fil Ihv(l — )], (38)
Ai
hy = [dv 2 —'I'l) 5] [endl - Tl)"‘/—i"! (e}
with
rau(mw)1h a,(mw) -

o M oy o
s = L[oefmw1 A Erog(mw)y- .
- 2[ a,(my) 2[ a{rmy} @)

Note that & = 0.11 wnd & =~ 1.12, so that 3¢} + e} = 32} + 47 na required hy duality
(see below). This [orin shows that facloritation haa sublleties: the same interaction can
be *lactorized” in many different but equivalent ways.

In fact, the term “factorization” has been uned to describe meny different phenomeno-
logical hypolheses. The most extensively developed and widely discussed is thal of Baver,
Stech, and Wirbel |4} (hereafter denoted BSW). In the general graph o the strong-
interaction-dreseed weak decay F — D + nw, the action of Hw(n) not ‘only desiroys
the b quark in B, but also inserts the field operators &, d, nnd u. These three aperators can

be arrenged to be proportional o two different meson local interpolating field operaiors

d(z}ye (1 — 2)u(z) (4a)

and

ezl — v )ulr) (44)

which appear in the forms of Hw given in Eqs. (2} and (3), respectively. The BSW

phenomenology begins by re-expanding Hw (). Instend of expanding in terms of the
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“arthogonal” operstor pairs (h;, hy) and (hy,ha} reapectively, as in (2) and (3), they use

the non-orthogonal operator Lasis {hy,h.) lo obtain

Hulg) = %U&U:;lm(u)hn(#) almhi )l (Be)
in which
_ Hradmw) # a(mwhi-BY _ .
m = 5([ a,imy) * [ a,(ma) ) = t54)
. Utamwlid  jadmw) Y _
- = 2([ amy {a.(m.) ) s {8}

For future refereice we note that oy ~ 1.12 and &; = —0.26. ln this form Hw(p) contains
the interpolating ficlds (4a) snd (48) explicitly. BSW then make a further transformation

Lo an effective interaction at the Aadronic level in which they wrile

oty _ G ad) |, ; jlhe
H™ = SEU Uk + kM) (8a)

V2

where b{*** and h{**?" are now imagined to contaiu the hadronic asymptotic ficlds created
by the interpolating operators (4a) and (4b) sespectively (e.g., a2 & resull h(:") contains
the hudronic x~ interpolating field corresponding to (4a) produced by boih &y snd hy of
Eq. (5a)). The basic factorisation sssumption of BSW is that these hadronic fields do not
interact once they are created by Hw"’. In the case of ht,h", the d{z)7. (1 ~ 7o Juiz)
current creates s mw siale with the guantum numbers of the x~, 5™, or the a , while the
remuining particles required for the B — D'*? 4 n!*'x transition (here D) ia D or D*, cor-
responding lo at*! = n or n—1) are made by the (040 + (0! —m)x ez (1 - 15)4=)| B}
current mabrix element. In the case of Ay, the &z)y.(1 — Je)uiz) current creates a
DY 4 (61— hw state wilh the quantum numbers of the D*, D**, D;*, or DY, while
the remaining s are made by the {(muld(z)r.(1 — va)b{z)| B} current matrix clement.
Clearly, faclorization will require very special cicumatances. In general, the interac-
tious int the low energy hadronic effective theory will lead to strong iuteractions of the

state produced by the intcrpolating fiekda of Eqs. (4a) and (4b) with the other hadruns

8

crented in the decay. 1t is also clear that in gencral these interactions will obscure the
short distaunce radiative correctious embodied in the ¢; and &, cocfficienta: the fiual states
produced by A, and ki can always scaiter iuto one snother by strong interactions. {For
example, Ay and k, can make B® — Dtr” and D%x® respectively, but D= Pn® i
sn allowed sirong charge exchange interaction.)

Without considering such complications, one might have expected based on (5] that

ay =y (6b)

2
[

&, (6¢)

since under & (purely kinematical) Fierz rearrangement, Ay contains with a coefficient ﬂ:
the same color singlet interpolating operators aa those appearing in k. (Note that this is
simply the observation that, in Eqa. (2) sud (3), only the A and h, pieces, respectively, are
active; vee Appendix A for an interpretation of the colur actet states.) However, fits lo the
analogous D-meson decuys rule out this simple version of the {actorization hypothesis {if
one assumes its validity for the decay of the ¢ quark). BSW therelore make the conservative
and, as just discussed, well-motivated [17| generalization of allowing a; aud @, Lo be free
parameters. This procedure has been remarkably successful. A very intriguing aspect of
the resulling phenomenclogy, which has been emphasized by BSW and by Shifman |2}, is
that it favars a; = a; and a; = &;. From (6b) and {6c} we sce thal this is suggestive of
[ ﬂ: capangion, but it reniaine unclear how discarding these particular ﬁ( lerius can be
justified.

The preceeding discussion will have made it clear that factorization, however defined,
caanot hold in all circumstances. However, there are a varicly of ways in which it could
be true in cerlain special cases. As mentioned previoualy, it is possible that factorization
could arise st ligh energy from color transparency [6]. Colur transparency [18] is based
on the observation thut a pointlike color singlet state hus no strong interactions. Since
the interpolating fields {4a) and (4b) produce a virtusl pointlike configuration, and since

at high energy this siate coulit propagale cohercatly out of the decay regiun, trausparency
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provides & poesible mechaniam for avoiding strong interactions that would ruin [actorien-
tion. ‘The 1/N, limit {19] provides anolher possible argument for factorization {7). In this
limit mesons hecome narrow, non-interacting hadrons, and [aclorization follows.

Dugan and Grinstein |B] have used heavy quark effective theory |11} to provide n third
possible scenatin for {actorization. The ides here is similar Lo that of transparency, bul their
approach indicates that factorigation will held in & much more restrictive kinematic regime
than experted from either transparency or large N, arguments: in this case factorisation
is expected only for heavy — heavy-plus-light transitions in which the light quarks made
by the (factorired) current sre collinear and al high energy. In conirast, one would not
expect Iactorization 1o hold for processes like B xxor B DD,

In Dugan-Grinstcin factorization, & process like B — Dr» proceeds only through hy:
hs decouples in the kinematic regime considered. Moreover, Dugan and Crinstein point
out that the resulting suppression by 45 {where ¢? i¢ the squared invarinnt muss of the &d
hadronic system and E = lﬂéi?:l) of the ¢4 contribution to the Ry lerm (&) = :-c. + =c|]
iz consistent with the experled auppression of the ¢y contribution to this term. The reason
for this Iatter auppression is simple and can help us to understand the mechanisme underly-
ing the suppression of hy (as we will see below). The h, interaction makes a i = DUlaype
transilion vig a form factor and the purely light hadronic aystem by a hard current, while
Ry makes the light system via & B — light form factar. The Iatter will slways be much
softer since in the § —+ D'Y? transition the heavy ¢-quark obtains most of the momentum
of the D' directly from the hard & — ¢ current. Dugan and Grinstein argue, moreover,
that as my — oo the h;-induced contributions are of the same order (i.e., suppressed by
n power of 3('.“1) as other non-leading contributions Lo the dominant (ky-induced) ampli-
tude. This argument scems to us to have applicability outside the framework of Rel. [8]-
Transparency-hased arguments, for example, also require large refative momenta between
the hadrons produced by the two currente which will simultancously make the hy form
inclor smali. Naively, at least, one is led once sgain Lo the conclusion that corrections lo
the h; amplitude may he of the same order as Lhe h; smplitude. Large N, arguments
do not require large momenta and accordingly predict a very diffecent pattern of corree-

lions to factorization. They nevertheless seem susceptible to an analogous objection. As
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1/N, — oo, there would be no correclions to the factotized transition amplitudes gener-
ated by &y and ;. However, in this limil the short-distance carreclions alno vanish, 1.c.
ey = 1 and s = 0. Thus, hoth ¢y and corrections o factorizalion are 1/N. effects {20].
{Although in the case of c4 the coefficient of 1/N, is |/ 2 |, in practice thin factor in not
Iarge compared to N.). Once again, the “faciorisation limit” sppears to involve only Ay,
with B; and corrections to h; atising s "non-leading” contributions.

We conclude that, st the moment st lesst, Dugsn-Grinstein factorieation offers the
best hope of » systemalic approach to weak hadronic decays, and we have therefore focused
our efforte on testing and using this factorization hypothesis. (Othet types of faclorization
can be teated using the methods we develop here, and we will commen! on such extensions
below.) 1t should be emphasized that Dugan-Grinstein factorization is very limited in
its range of wpplicabifity. lmagine the Dalite plot in the {Ey4,q") piane for free b -+ cdii
decay based on the QCD-corrected interaction (2). The A term will generate n iid syatem
with ¢? from m? up 1o ¢7,, = (mp — mp)* = 12 GeV2. In the low mass reginn the ad
pair will be moving approximately collinearly, so that the conditions for Dugan-Grinatein
faclorization apply. Conversely, the high mnss region of the Dalitz plot corresponds to
kinematical configurations in which the @ and d recoil in opposite directions sa that they
would not apply. More generally, Dugan-Grinstein factorization would hold in the Dalitz
plot in those regions whete ;%'f‘;l;i{-.“ is amall. This region covera an increasingly
large mass range aa my, m, — oo, bul in the case at hand, where (g2, ) /7 ~34UeV, we
will {as mentioned slready) probably hare to restrict ourselves 1o low mu-u states. This
analynis also tells us that, if we restrict ourselves to g7 < mi, we will be secing only »
small fraction of the rale from the A, term. In units of the B — X e, rate, the Lota] rate
from the h; term should be about 3¢}, but we will only pick up roughly ‘-’;.—':‘:':‘m’ = 1of

the Dalits plot and therefore of that rate with our restriction on ¢'.

A similar analysis applied to the hy term is alao interesting. Dugan and Grinstein
show that if the @ and d quarks produced by the oclet current are collinenr and at large
momenta, they will [actorize and therefore not contribule Lo the production of a &d color
singlet state. On the other hand, we know from duality that by will contribute ;": units

of inclusive semileplonic rate within the same Dalite plot, even though, according 1o the



decoupling arguments of Dugan and Grinstein, it will not contribute to the exclusive
channels to whick factorization applics. This apparent contradiction would be resolved H
the iid octet syatemn were to produce a jet-like final stalc along its direction of motion. (in
iarge N, this state would be cquivalent (o a stute in which the i was in & color singlet
state with the b and the d in a color singlet state with the apectator “antiquark™ of the
original B meson. The high encrgy @ nad d would in this limit each make an independent
et e -like jet, while remaining at low selative invarianl mass, cven though not part of the
same hadron. Such a jei-like final state would be sllowed by the Dugan-Grinstcin srgument
since it would contain low energy quarks. Of course, it would & feriiori also not populate
the low mass exclusive channels to which Dugan-Grinstein faciorisation spplics.

Given Lhis understanding, we will in the first place focus on predictions which follow
from h; only. Later we will discuss hy-induced amplitudes na a way of setling the scale
for expecled corrections 1o Dugan-Grinstein factorization. (We emphasize that &, -induced
amphtudes can only be expected to indicate the size of such correclions; many other

corrections uf the same general maguitude are also expected.)

. huplementation

Whethes factorizalion reguires & large relative energy between clusiers or not, in this
linit Lhe situntion is, as we have just discussed, considerably simplified. Consider, as &
concrete example, B — Dx. The h; term in Eq. (2) produces mnplitudes {or the decays
B* & DVx~ aud B~ — D%k~ while the h, term in Eq. (3) produces smplitudes for
B' - x*0% sud B~ — w7 D' In cach case we have ahown the final state with the
hedron produced from the B meson first and that from the currents of Eqs. (4) second lo
emphuasize the important dynamicsl differences between Lhese decays: in the heavy quark
lisit, the latter amplitudes will be of vanishing strength with respect to the former. As
just discussed, thin suppression occurs because the hy ssuplitudes sequire that the d quark
combine with the spectator light degrees of freedom in the B Lo make the frat-moving pionic
sysien, a process that will be strongly suppressed by a form factor since the momentmn
translers to the light degrees of freedom are in the ratio O}/Q? ~ mpjfmy -+ oo, where

1y is au eflective mass for vhe ight degrees of freedow. {See Rel. {21] for a discussion of

12

the behaviour of these formi factors). Even without this dynamical suppression of the hy
term, its effect would atill be small in B° decays: the h; termn leads in Lhe genersl casc to s
ncgatively charged mx system while b\ creates (tax)°. In the kinematic region of interest,
these two processes don't interfere liglniﬁcnntly, Thus the h, contribution is suppressed
relative to that of A, by a facter of [£,/c,|? = 0.01. Gn the other hand, in B~ decays both
h) and Ay can lead to the same final state so there will generally be interference. In this
case the importance of the b, lerm is only diminished by & /¢, and the above-inentioned
form factor suppression. This latter effect in the -‘é'—:—lypc suppression required by Dugan-
Grinstein factorization. Note that with the neglect of hy, some decays will be forbidden:
¢.9., in the example of B — D, B* -+ D*° will be forbidden.

In Dugan-Grinstein factorization, the restriction o high energy collinear quarks in-
troduces additional snomalous scauling in the low energy effeclive weak interaction. For

my > E 3 m,, which is roughly the situation in nalute, they find

(D) 4 (n') — m)x + mx|HY (p)]B) = gfg":.u,.[:.'{(% E:m"; [a((m) )

2radqmw )y Saam)p-d | Lragmw)) 8 poyme)) -4
) (3[0.(171;]] [a,(E) + 3[ oo (ms) ['a::(_ﬁ
x (D) 4 (n*) — ma|3|B)(mali, |0} (Ta)

where J* is the heavy quark current in ilie low energy heavy quark effective field theory

|10,11], j, is the light quask current in the Dugan-Grinstein “large energy cflective theary”,

6
@ =z (78)

o Byt TIY )

27 o
and where a, is the coupling appropriste o the theory with the number of active Aavors
in the inlezval over which the indicated leading logarithms are being summed. We have
writlen (7a) in this peculiar form because in this kinemnatic situstion £ =~ gm. so that
%‘_(L;‘)l =~ 1. Il we make this approxination, then (7a) reduces ta the scale-independent

result

)



(D™ 4 (0~ )+ mulHE () BY = ~E UL U el (DY) + (") o m)w|§*| B} (mxnl5.]0)

®)

f

where the currenta are now in the {ull theory since

o,{my )10 [adme )yt
[nr.(:::) [ ou{pe)

is the result of heavy quark eflective Reld theory for the § — D) + (n!*} — m)x matrix

(D 4 (nl*) = m)a{d” | B)

element. Since the D and D° play » special role both experimentally and as members of

the &7’ = % " heavy-quark-symmetry multiplet, we define

N*(p.p' (£}, 2) = (D', W) (01 — m)=({KD)|5*|B(p)) (0a)
M*(q,{k)) = (mx({k:}]5"[0)- {98)

Then, assuming factorisation and neglecting interference between processes with different

m (see Ref. [22]), the contribution to the differentinl decay rate is

(‘\/_E+M’ —ﬂ’*‘M’ME)/( lZI dik’ )ZN"N"/J’"‘-M-M:

da 64x7 M3 2E,: (27
(10}
where s = g%, #,.. is m-pion phase space for fixed ¢*, and C = |G U] sl
The decoupling of the heavy quark spin and flavor from the light degrees of [reedom
in interactions involving & single heavy quark generates relationships [10) among groups of
current matrix elements, N*. In particular, all of the forin factors for B Dad B - D*
are delermined in the heavy quark limit in terms of & single function {{w) of the scalnr
product w = v - ¢ of the four-velocities of the b and ¢ quarks; moreover {{1} = 1. Other
matrix elementa involving 8 & — ¢ Lransition can likewise be related using a small number
of universal form Iactors. Here we will obtain the needed form faciors from an empirical
fit to the univeraal Tunction é{w) based on semileptonic decay dula (sce Fig. 3) along with

the previously mentioned Bjorken sum rule. Uitimately, these matriz elements N* can
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Fig. 3: A plot of Af{w) versus w extracted frem the corbined CLEO and ARGUS
B° + D* 4 £ 7 dntn |24] where A = (7p/1.18pa)' /[0, The solid curve sepresents the
best fit of Ae”’ (¥ 1), The dashed curve is constrained to p? = 0.7, from the model of Ref.
|23].



all be extracted directly from semileplonic decays Lo provide o model-independent inpui
Lo tesis of [actorization. Alternatively, if factosization is established in decays involving
£(w), it may prove te be more valuablie to use hadronic weak 8 decays to find excited D
scsons and extract thejr universal form factors (e.g. the funclions 7y and 1 mentioned
previously) from non-leptonic dats.

The m-pion pliase apace integral must have the form

/“""MuM: = (g*¢" — 19" Nmls} + g0  lm(s), (11)

where the densitics {,(3) aud In(s) can be extracted from ¥ = &, +mx angular distribu-
tions to provide the remaining model-independent input required to test factorisation. The
Appendix contains the lormulac for m < 3. In fact, for m = 3 this relationship holds at
the level of the three-pion Dalits plot since the culy available tensors that are rotationally

invariant in their center of mass are g% and g*¢*, s.c.

. . ARITTTTR Tt VIN YTl (n-3)
VMM el - MM [ s ) wew
ds da, ds; 64t M}, i 2B, (2x) =
x [(qute ~ 2490) Bils,91,92) + 4ut Dala,01,0)] (12)

where 3, = {g - k,)? and integraling i1(5.91,43) and i(s, 5, #2) over the Dalite plot region

gives f3(s) and Iy(s) respectively.

C. A Resonance Model for 8 — D + nw

Ana prelude 1o the model-independent tesis of factorisation cutlined above, we present
here an initial calculation in which we assume resonance dominsace of boily current ma-
\rix elements. In the extreme and simiplest version of this spprozimation, we assume that
B — D' 4 nix proceeds via B — D™ and vacuum — RV where DU} and RUY) are,
seapectively, charmed and uncharmed resonauces treated in the narrow widih approxima-
tion. Then the decays are all of the two-body type B — DR (see Fig. 1(c)). The
rate formulse for what should, in this limit, be an cssentialiy exhaustive set of fins! states
are given in Table 1. [The decsy constants snd form factors appearing in the Table are

defined below).

General considerations suggest that the narrow resonance approximation will give &
reasonably accurale picture of the rates Lo the channels of Table | in all cascs except where
R‘?Y is the a;; in the numerical results shown iu Table 2 we have accordingly taken the
full three pion spectrum srising from the a; into account. On the other hand, we estimate
that neglecting interference effects as in the narrow rescnance approzimstion is ressonably
nccurale.

The results of Table 2 are thus based on formulac like

Papersairie = 3 3 (P8 utyms) (Bpt—piets s mie)s (13)

m=1 g}

where Bpiui_ pies g (nis) - mys i6 the indicated branching feaction, deduced from heavy-quark
symmeiry [13}. In this framework, the factorization criteria of reference {8] are met by
all dingrams. in the table we consider contributions from transitions of the B via the
&1*(1 — 75)b curcent to the ground state 5" = 17 multiplet {consisting of the D(1870}
and D*(2010)), the o7 = §+ wultiplet (consisting of D3(2460) and D,(2420)}, and the
hypothetical a§* = g{ multiplet expected at about 2400 MeV {consisting of D, ([~ 2400)
and D}(~ 2400)). We parameirise the three universal functions appearing in the twenty

form factors of the twelve matrix clements {D'9];#|B) nccording to

flw) = 7?1V {t4a)

ry(w) = 7y(w) = r(1)E(w), (148)

since £(1)} = 1 is known (rom heavy-quark symmetry alone, and the model of reference
[23] suggests that 7,y and 74,3 are equal and proportional to §. If the Bjorken sum rule

is approximately satursied by the lowest af' = P and 33 = ;‘ atates then

1
L% ~ E+3[r(l)]l. (14¢}

dw lu=1
A fit to Figure 3 {taken from Rel. [24]) gives p? = 1.18 1 8.50; Eq. (ldc) then gives
r(1) = 0.56 £ 0.15. Given the errors, another reasonable choive would be 10 use the value
£ = 0.7 predicied by the model of reference [23] and the correspunding value of v{1} = 0.4

from the Bjorken sum rule. We presenl the reaults of botly parsmeter sets.
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decay pertial width in units of K(r, w) partial width in units of K(r,w)
neglecting the 7, p and a; masses.
B - Dx 12 [{(w)]z(l —r)(w+1)? 1 [f(w)]’(l — 7)1 +r)t/ar?
B D*x fale@)’( + r)(w? - 1) f2le@)]’( - n)2 4+ 1)t /4

B — D3(~ 2400)n

4f2[ry (0)]*(1 4 r)*(w 1)

Fry ()] (1= r)*(1 47y

B — D, (~ 2400)x

4f2 1y (w)] (1 - #P(w? ~ 1)

Fry )’ = r)(1 + 1) /e

B — D;(2420)

2f2 [ry (w)] (1 = r)(w + 1) (w? - 1)

Rlry() (1= (1 +7) /81"

B — D;(2460)x

2f: [‘rg ("’)]3(1 + r)’(‘lﬂ’ - 1)2

£2lrg(0)) (1 - r)4(1 +1)% /87

B Dp

21w}’ + e (w? - 1)

A [5(“’)]’(1 —r)?(1 4 7)4 /43

B - D*p

£31e))*[(1 = (0 + 1)? + 24,]

£21600))" (1 = #P2(1 +7)* /45

B — Dj(~ 2400)p

[y (0))*(1 = £ (w? - 1)

3l (w)] (1 - ) (1 + r)? /s

B - D)("V 2400)p

4f3 [ ()] [(1 + 7P (w —1)* + 25_]

£y @)’ (1 - 1)1 + 1)/

B — D;(2420)p

Rlry ) 120 + 7P (w1 1 o]

£ [ry )]’ = r)(1 4 r)* /8r4

B — D;(2460)p

f [r; (w)]1[2(1 — P + 1P (w7 — 1) + 3w + 1)%_]

5 ng ('")]’(1 —r)(1 + )8 /Br*

B""Dﬂ]

£, [6w)]* 0 +rY(w? - 1)

72, [6)) (1 = (1 4 7)* /4r

B - D*a

£2,1600)]) [(1 = )Y (w + 1)7 + 204

£, 1))’ (2 = )21 + 7yt jar

Table 1:

Partial widths from h; only in the narrow width approximation.

K(r,w) = “L'Vfdlfc’,,G}Cfbch,’gr’vw’—l, r = MDIH/MB, w = Eph‘l/MDh'I and
81 = (141 ~ 2rw)(w + 1 F vw? —1)2. Formulae for decays to any state with the

quantum numbers of the m, p, or @y may be obtained by substitution of the appropriate

Ll

coupling constant fp;y. Similarly, formulae for decays to any state with the s;' quantum

numbers of the (D, D*), (D,, D3), or (Dg, Dy} multiplets may be obtained by substitution

of the appropriate universal form faclors.




Table 2: The predictions of Dugan-Grinstein factorization expressed as a percentage of

the B — D*eb, branching fraction. (For this we use the weighted average of the values

quoted in Ref. [24], namely 4.4 1+ 0.6%.) The upper entries in the theoretical columns use

p? = 1.18 and (1) = 0.56, from a fit to Fig. 4, and the lower entries use p? = 0.7 and

7{1) = 0.4, from the model of reference [23] and ihe Bjorken sum rule of Eq. {14c). The
experimental results are, from top to bottomn, CLEO 87, CLEO 85 and ARGUS [26]. Note

that the D + nn results do not include contributions from D* + (n — 1)r. Here D:’L and

Dl% represent the D, (~2400) and D;(2420) respectively.

decay experiment
B
] 5.0 8.1+ 2.0
B® - Dtx- 1184 7.1
70 | 109439
_ 0 )
B® — D%x® -
0 -
5.0 114 + 2.7
B~ — D'~ 12,5 1 4.9
.0 454 2.4
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decay A experiment
B
. 5.6 9.1+ 3.1
B - D*tx- 66138
7.2 6.4+ 2.6
_ 0 i
BO — Dtl)".u _
0 -
56 16.4 4+ 5.9
B~ o D*0g- -
7.2 9.1 +44




n D D
experimental experimental experimental
decay A via D} via total experiment
P 5 \ ¢
B Dp D3(2460) . Dy(~ 2400)
B B
_ 10.7 ) B 0.4 ) 11.8
B® - Dtx—n® - - -
145 20 + 14 0.3 ) 0.2 ) 15.0 )
0 <14 1.3 < 0.9 0.7 < 0.2 2.0 < 16
B » Dn—gt - - -
0 ) 0.7 ) 0.4 ) 1.1
10.7 ) 0.7 ) 0.4 i} 11.8
B~ — D%~ n® - - -
14.5 30+ 14 0.3 _ 0.2 ) 15.0 ]
0 - 1.3 <9 0.7 <1 2.0 <16
B- —w DYnm~ - - - -
0 ] 0.7 ] 0.4 ) 1.1 )
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XKD D*
experimental -
decay A \ D} total experiment
P ! B~ D*p .
B 8
i 12.6 43 +32 0.3 1.0 0.4 14.3 -
B — D*tnr—x? - -
0 B 0.5 1.9 0.7 3.1 i
B = D0xr—xt - -
0 ] 0.3 1.1 0.4 1.8
b prag-go| 120 - 0.3 1.0 0.4 143 -
— T - -
15.9 23 + 16 0.1 0.5 0.2 16.7 }
0 - 0.5 1.9 0.7 3.1 <9
B~ D*tx x~ - 551+ 4.0
0 ) 0.3 1.1 0.4 1.8 5.0+ 3.7
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RRRD % ARD (% RRD
p| | experiment . .| experimental | experimental
decay a; via \|P:| X\|P| B — Dpr | B— Drxr |total |experiment
B — Day P p nonresonant | nonresonant
1 B B
_ 3.7 ) 1.6 0.8 . ) 6.1 }
B® - DYa— 7% - - - -
4.9 ) 0.8 0.4 ) ) 6.1 )
3.7 6.8+3.8 0 0 25423 89471 3.7 18.24 6.3
B - Dta-q— ot - - - -
4.9 ] 0 0 ) ] 4.9 ]
_ 0 i 3.2 1.6 B ) 4.7 }
B - D'x%x—nt - - - -
0 ] 1.6 0.8 ] ] 2.4 ]
3.7 B 1.6 08 . ) 6.1 )
B~ - D°zr n'x® - - - -
4.9 ] 0.8 0.4 ) ) 6.1 )
3.7 51142 0 0 9.5+ 71 116+ 9.5 37 26.1 +89
B- 5 D'n~ = at - - - -
4.9 ) 0 0 ) ] 4.9 )
0 ) 3.2 1.5 ) ) 4.7 )
B« D¥nlr n~ - - - -
0 1.6 0.8 24
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RRR D* R nxD* (K AnD* |x ”RD*
exp. \ f| _ exp. _ exp.
decay \ U via D} D, DB - D*pn|B — D*nax |total | exp.
a B — D*a, P Y PN PN nonres. nonres.
B b 3 B
_ 8.0 - 0.7 1.9 0.9 - - 9.5 )
B - D*tx—n0x® - - - -
7.1 ) 0.3 1.0 0.5 ] ] 8.9 ]
. 6.0 20.5 1+ 10.0 0 0 0 15.56 + 9.0 0.01+0.2 6.0 6.1 + 11.7]
B w Dtx—a—xt - - , .
7.1 ] 0 0 0 ] ) 71 | 97410
_ 0 - 1.3 3.8 1.8 - B 6.9 )
B & D*OyVp— gt - - - .
0 ) 0.7 2.1 0.9 ) ] 3.7 ]
6.0 - 0.7 1.9 0.9 - i 9.5 N
B~ — D"%x x%x° - - . B}
7.1 ] 0.3 1.0 0.5 ] ) 8.9 ]
8.0 ) 0 0 0 ) i 6.0 .
B~ — D’z x—xt - - -
7.1 ] 0 0 0 ) _ 7.1 ]
0 - 13 3.8 1.8 - - 6.9 B
B = D*tx—xn® - - - .
0 ) 0.7 2.1 09 } . 3.7 41 + 21
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We next turn to the mn matrix elements. We use the definitions

{=(g)i"(OH0) = —if.q" (152}
{pla, Mi*(D)10) = M, f,e’(q, A). {18b)
{ar(q, AHF*10)]0) = M., fa,¢"*(g. 2} {15¢)

and obiain the values [f.] = 0.132 GeV and M, |f,} = 0.147 £ 0.005 CGeV? from x — pu,
and v - pu, teapectively. (Nole thet the value of M,|f,] = 0.12 + 0.0L GeV?, from
p— ete” nnd gty is in mild disagreement with value from + decay.) For m =3, we
use the model of Ref. {25] which gives m,, = 1220 £ 15 MeV, T, = 420 4 40 MeV and
M., [fa,] = 0.25 £ 0.02 GeV?. The tranaverse spectral densily iy{s, 91,52} was taken to be
the ;;. of Rel. [25] while the longitudinal speciral density was ignored as only the ={1300)
and non-resonant background, both tiny, ean contribute to it. This model gives an excellent
fit o the experimental !r—"}—"fﬂ data and a good fit to the Dalitz plot projections. We
have. in addition to the #*, also ignored the radial excitations of the p and a; as well as Lhe
p-like Y I}, statra. Fig. 4 shows the expected diflerential decay rate for the a; contribution
to B -+ D" 4 3,

Table 3 shows the contribulions lo deparlures from the paitern of Table 2 due to the
hy-induced amplitudes using the model of Rel. [23] for the B — RY! metrix elements.
The caleulation of the k), amplitudes also requires knowledge of fpp, the anelogue of f.,
which is not yel known experimentslly. The rates shown are based on the nominal value
fp = 150 MeV [27}. Table 3 indicates thal the processes f° . pliogt J% . piei,®,
and B° — D'*1%a? will provide good tests of factorization. These rates are predicted to be
20 small that it seema likely that these proceases wilt actually occur by D R- _, DU Re
reacattering, 1.¢. via & direct breakdown of the factorizalion hypothesis. A measurement
{or limit) on them will therefore provide a good trsl of the validily of [actarization. {1n the
BSW model, theae proceases would appear with taies proputtional (o a7 » 1 They are
therefore esperinlly good places Lo look for a breakdown of the B5W model. We reiterale
that these rates are not quantitatively predicled by Dugan-Grinstein factorization: they

are only predicted to he sminlt with respect to h, -induced deeays. Tlus their observation at
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Table 3: An estimate of factorizalica-violating effects via hy. We have ignored channels,
other than 8% — DUWa® B0 — Do g8 and B% — DA*Ma}, with ratea proportional 1o
[é1{% = 0.01; apart {rom these ignored channels, decays not listed here are unchanged front

Table 2. As in Table 2, the upper entries have p? = 1.18 snd the lower oues, P =01

decay [Ty pree, (B) | F/Fo-poee, (%)
without A, with b,
8" — D°«° u 0.008
] 0 0.008
Bll - Dolll.ll 0 0007
o emene - o | 0.008
B® . Dp* 0 0.007
0 0.008
B* - Dp° 0 0.021
— 0 0.017
B® - D°ad 0 0.085
0 0.088
8" — D*a} o 0.086
u 0.061
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decay FiTs-.pees, (%) | BTy b, (%)
without &, wilth A,
B — D'x- 5.0 5.8
- B 7.0 768
B~ — D" 56 6.1
T2 e 8T
B - D'x 2 11.8 131
S 15.0 —— 83
B -+ D%~ 10.7 11.8
e L _ _ 146 e—.....1b8 _
B —Dix x 2.0 2.8
11 N &
B~ s D*®x x° 14.3 137
—— 18.7 180
B~ - D" 12.6 120
. 15.9 sz
B A Dvr 3 N
2818
B -+ D°x~x%x° 8.1 5.8
4.1 BB
8 - D'xtx-x" 37 KN
. 10 41_
B~ - Db, 7.4 5.9
9.8 8.2
B Dt xx° 4.7 5.3
I B 2.4 .28
8- — D%x xx" 2.5 8.2
ae £
B~ = D% tx x 8.0 4.7
71 BE
B~ — D*%e; 120 0.4
. . 14.2 - 108
B~ Dty x x* [(K:] 7.0
1.7 18
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& small rate cannot be used Lo lest Dugan-Grinstein factorization, but only to “calibrate”
its accuracy. I should also be noted that our F; corrections tend to he nuch smaller and 1o
have the opposile sign from those of the BSW model. This is because &, /a, is aubstantinl

snd negative, while &) /¢y in amall and positive.}

I1L. Results

We now examine, in detail, the results displayed in Table 2:

1) B+ Dxand B — D"»

The decay 8% — DM x~ is & pute hy decay, while B~ — D*¥x~ could have »
factorization-violsting &, amplitude which has been neglecled in constructing Table 1. In
the absence of ky, these pairs of rates would be identical and experiment in so far consistent
with this simple picture. {Note that the BSW model predicts that B~ — DY will
be about 40% amaller than B® — D" £~} This agreement provides aupport for both
the factorization hypothesis and Lhe predictions of heavy quark symmetry for the B-D
and B — D* matrix clements. It would obviously be desirable to measure the rates for
B - D'*19%% which can proceed only via factorization-violaling effects like Ay and so are

rero in the leading approximation (see Table 3).

2) B — Daw and B — D*=x

The rates for B — Dxn sre dominaled by the procesa _ﬂ —~ Dp end B - Dn-
with the former channel providing potential new teats of factorization (prescnt dats is
not very sttingent}). In addition, the channels 8 o D' xt and B~ — Dtx"ax"
could be interesling since about 10% of these events are predicted to be due to decays of
the I7; {2460) snd the hypothcticat Dg{~ 2400). Such decaye would of course be easily
distinguished from the deminant fi -+ D*x~ mode.

The B® = D%t n* and B~ + D"*r~n~ channels are even simpler: they are each
predicted Lo occur only ria the excited charmed D;(2460), D,(2420), and D{-- 2400}

atates. In addition, of course, B —+ D*p provides further potential lests of [actorization,

and as alrendy mentioned, the D'*?p° channels may be especially revealing.
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3)B - Daxxand B — D nnn

These decays provide, in the first place, quantitatively new tesis of factotization ria
B — D"a;. The channels B® — D¥="x"»t and B~ — D'r-n"x* are particularly
useful in this regard since they are free of the D*p chanuel. As mentioned earlier, the
brosd a; has some tactical advantages for testing Dugan-Grinstein factorization: it allows
a test of factorization as & lunction of recoil momentum within & given channel since
the 3n spectrum has significant strength from 0.5 GeV up lo nearly 2 GeV. Four of the
i — D*nxx channels provide such Lests.

The § —+ D")anr decays are ahio polentinlly rich sources of information on the ex-
cited D mesons, with significant contributions from both the #" = % + multiplet {123{2460),
D,{2420)) and from the aa yel unchserved o' = g* multiplet {D),{~2400), I25(~ 2400))
expected nearby. The B — D(*)xwx date alsc provide the strongest indication of signif-
icant depariures from our calculation: the total rates for B — D*'nwn are predicted to
be much smaller than the centrel values quoted by experimenta {although the descrep-
ancies are never much more than iwo siandard devislions). Although it is possible, we
would be surprised (sce below) if the theoretical values were Lo change by factors of 2
as Lhe result of the more rigorous, model-independent analysie we have outlined shove.
Moreaver, since one of these decays is dominated by D a; and [ree of contributions from
excited D mesons, the dificulty cannot be with cur mode! for 73 and 75,5, Thus if these
discrepancies persist, it i likely to signal a violation of the factorization hypothesis. It
will also be interesting to see improved measurements of non-a; components Lo the decay
B — D'"'p°x~. These processes are forbidden in the piclure of Table 2. Finaily, we
nole that the geaphs of Fig. 4, showing the a-dependence of B — D4 Ir, could provide
a further test of {actorization. Any significant non-faclorizing contributions obscured in
the total width might be visible here. The shape of the experimental distribution conld
also provide clues regarding the source of the dominant correclions to the factorization

approximalion.
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IV. Discussion

One of the lesat dependable elements of the calculations leading to Table 2 i our
estimate of r{1). Fortunately, st this stage the imprecision of our knowledge of v(1) ia nat
significant given the error limite of the present experimental duta and the fact that most
of the decays considered here are likely dominsted by B — D"} transitions.

Another concern is the possibility that we arc neglecting important contributions to
these decays with our assumption of resonance dominance. The historical succesa of this
approach in similar sivustions make it unlikely thet such contributions are very strong, bul
it will be interesting 1o check the data for such effects. (Note that B = D* +(3% ) nenrcsonant
is already determined to be quite sruall.} The narrow resonance approximstion itself should
be salisfactory: most of the possible intermediste states nre in fact narrow, while those
that are broad do not seem capable of dramatically changing the results.

Buth of the above resecvalions will be mitigated by improved semileptonic data. Given
T decay data, they are also the only siguificant sources of model dependence in our calcu-
jation Lhat are relevant to the factorization issue since all that is required of the models
for the swplitudes M* iv that they give the correct spectral densities, tegardleas of the
veracily of the underlying physical picture.

1u Table 3 we showed how the results of Table 2 would be modified by the simple
sddition of the k, amplitudes for decays of particular interest. We nole that h, effects

cannot be given with precision because of the large uncertainties that exist in the B —

light-hadron cureent matsix el ts. We should slso reemphinsise that hy effects by no
weans exhuaust possible corrections to factorisstion; st best they may typily the size of

corrections to be cxpected.

V. Couclusions

The preliminary results presented here are generally consisient with the factorization
Lypothesis. Taking the slightly preferred p* = 0.7 prediclions s our benchmark, we

find Lhat sil exclusive resonant rates are predicted correctly to within about 1.5 standard
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devistiona. For the total rates Lo the changels D) 4 nt*)x, this calculation fares less well:
the central values predicted for n'*! > 2 are ull low by typically two standard devintions
compared to the measurements which exist. Civen thia somewhat ominous indication, it
is more important than ever to oblain cowpletely model-independent predictions against
which to lest factorization, maore precise experimentel information on important modes,

and stringent limile on {or observations of) modes forbidden in the “lactorization lianit”™.
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Appendix At the A, and &, interactions

In pzsing to the hadronic level in Eq. (8), the role of Ay and ky is obacure; here we will
try to clarily the role of “octet states”. In taking matrix elements of Hw(u), we are making
a transilion from a quark-gluon basis for QCD at distances smaller than ! to a hadronic
basis for distances mbove this scale. This {nonrenormalisable) low energy efleclive theory
contains all the meson states as “eclementary” fields, and includes all possible couplings
between these fields. When the local operator Hw(u} acle, it produces (relative to the
culoff ) a pointlike configuration of ¢, d, and & quarks coupled 10 a color triplet (the stuie
of the original b quark}. As indicated by Eq. {2), such a siate may be viewed ns consinting
of » lincar combination of, ¢.g., 8 singlel #~ with » singlet D meson and an “octet ="
with an “oclet I meson”. (The &{#)1.{1 — 75)b{x} current creates from the B a singlet
D meson il it is & color singlet current, and an “octet D meson” if it is an octel current).
However, this does not mean that Hyw({p} produces new degrees of freedom, the so-calied
“hidden color states”.

That the local edii siate is produced in a color triplet state simply means that it is pro-
duced in a fixed (gauge invariant) lincar combination of quark color states with respect lo
Lhe color siate of the annihilated b quark. The local ¢§ bilinears in thie linear combination
Lthen have amplitudes to produce mesons of the low energy effective Ltheory out of vacuum.
Configurations like 7y 4 do notl correspond lo new degrees of freedom, as evidenced by
Eqs. (3c) und (3d) (see Fig. 5). Such siates may, however, play & role in determining
the properties (as opposed Lo the degrees of freedom) of the low encrgy effective theory.
A local color singlet four quark operator like Hw conlnins only Iwo linearly independent
color configurations. These may be taken (in & sell-explanatory notstion) to be one of the
orthogonal bases {[1os 1ze}, (Rys824)], |11 ealas), [B14Bas}], or {1311354),1612634)]; nlternatively,
the two dimensional space could be spanned by the nonorthogons! basis [{113t24).(1;121)]
(see Eqs. {56) and (5¢)). Thus configurations like mq 25 have no dynamical significance
locally. However, the nonlocal operalor sz )d'g(r:)lf',(r;}rl'..(z;} is only locally color
gouge invariant with the gluonic fields “excited™ and these excilations can produce dy-
namical effects. This classification is easily seen in 1he lattice Hamiltonian atrong coupling
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basia {see the discussion in Ref. |28]) where u complete g1g1§3d¢ banin can he obinined
from the {gauge invariant) nonlocal 113134} and {114135) simtes by coupling qunrks to an-
liquarks, a3 indicaled by the notlation, with triplet link operatars along arbitrary paths in
the Iatiice. “Exotic” color states correspond in this basis to states where the link operalors
overlap (with ench other ot inlernally); see Fig. 5. When they overlap it can he convenient
to re-expand the complete [|113124), [114135}] - type basis stmles on the mutiply-excited
links in terms of eigenstates of the SU(3) Casimir. In Figs. 5(c) and 5(d} the Ain I x

and the §in 3 x 3 are shown.
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Fig. 5 Aun illustration, in the flux tube model |28}, of the completcness of the aaymptutic

jeson stales wnd Lhe dynamical rule of “exotic” color states.

a} the [1,31a4) siate

1) the [1y,142}) slate

L

()

¢} & state corresponding roughly 1o [8,485,)

(d)

d} a slale corresponding roughly to 16,3614}

M

Appendix B: the spectral densities (,, and [,

For m < 3 the transverse and longitudinal densities of Section 11. B can be extracied
from 1 decay dais using the following expressions:
sthecase m = I:

This cuae is trivial as only I,(2) exists.

dFyovu

1o = Gl )m - w3 (B1)

where Cp = Zp24 and 1,(0) = Li{m2}ols - md).

o the case m = 2%
The decay distribulion with respect to z;, the cosine of the polar angle of the ™
momentum where the z-axis is chosen along the direction of §in the 7 rest frame, can be

used to find {;(s) and t2{s).

v ran

e, )
drder = gt - [+ ek — e +slae)

+ 232 c0s¢ f;{l)l;(l_)-] . {B2)
where the phase, ¢, does not enter the calculation of 8 decay ratea.

o the case m = 3:
In this case we usc the distribution with respect lo xpy, the cosine of the polar angle
of the normal 10 the 3x decay plane in the rest frame of § with the z-axis defined as ahave.

At the level of the Dalitz plot, fals,3y,9;) and i3(s,81,97) can be extracted using

dl .., 43n C, : 3 .
Todeiderdon d.:;:n.- = -i(m’,ﬂl’ s, 91,9 )14 i;él("'i“')“*Ii:l”-’l‘ﬂ-‘-’h’:)]- (B3)

k1]
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{27] For the fpi, needed to construck Table 3 we use the uon-relativistic quark model
with harmonic oscillator wave funclions, choosing the oacillator parsmeter lo give
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[28] N. legur and J. Paion, Phya. Leit. B134, 247 (1083); Phys. Rev. D 31, 2010 (1985).

a8



