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Abstract

Uging the quark triangle diagram for the Adler-Bell- Jackiw axial anomaly,
we calculate tlse form factoe for the v*7® — 4 Leansition. This forin fac-
Lor depends on the quark mass, and we predict the right behavier with
g~ 250M eV, the same quark mass generated by the dynamical break-

ing of chiral symmeiry through a Nambu-Jona-Lasinic mechanism.



The size of the axial anotsaly’ which vecurs it the two-photon decay amplitde of a
pewlral pien (7%« 371 can be faitly well explained in model independent approaches.! &
If we wiroduce an additional variable, such as 1le square of the four-momentum of one
of the {virinal) photons, @2, of the temperature and density of hadronic matler, we may
study the dynamics of the axial anomaly. In this letter we report on & study of Lthe Q?
dependence uf the 1°#% — 4 transition form factor, F,,. We find that this dependence is
verv sensitive Lo the value of the dynamical quark mass used to calculale it, and that a

value ietermined both by a fit to a nunber of pion observables, and from a consideralion of

the lynamical breaking of chiral symunetry, gives an excellent account of Llie recent data.

Hecently, the form factor for the 1°m? — ¥ trausition was measured for space-like
momentum {Q? > 0} of the virtual photon (3°).F Motivated by the Vector Meson Dom-
inance (VMD} hypothesis, Behrend, ef. al. parameterized the observed form factor as &
monnpule. At % = 0, this form [actor coincides with the two-photon decay amplitude of
the neutral pion, which was'well explained a long time ago by an explicit calculation of
the fermion triangle dingrams? shown in Fig. 1. The dependence of theae diagrams on the
ferution (quark) mass at @* = 0 can be eliniinated from the expression,” and the remaining
dependence on the quark degrees of freedom is trivial; the amplitude is multiplied by the

nnmber of colors (1) and a factor depending in the quark charges el —eh =1e).

The two-photon decay of a neutral pion is also very successfully described by the chiral
Lagrangians developed by Wess, Zumino® and Wilten?. Beyond the tree level, howev-cr,
1the lunp corrections are found to diverge if one of the two pliotonsis virtual {Q? # 0), while
these carrections cancel if the two pliolons are real.® Thus, Lhe use of chirel perturbation
thweory o calculate the form lactor requires a renormalization procedure.!® Twao other
independent approaches, one® based on the noninvariance of the path-integral nieasure
under chiral transformations, and one* based on the operator product expansion,'' also

Jdo ot determine Uie mass scale of the “off-shell” axial anomaly.

In 1his letler we assume Uhat the constiluent quark mass is generated through the

spontaneous hreaking of chiral symmetry in QCD, und that the Nambu-Goldstone boson
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genernted by the sanie mechanism is the pion. Using these relations, we are able o
determine the size of the dynamical quark mass [rom & study of pion properties, and then

use {he resulting infurmation to predict the form factor £,,.

To illustrate the sensitive dependence of the v° 2% — 4 form factor un the quark
mass, we will first calculate il from the simple linear o-model.? Then, using a covariant
generalization'? of the original Nambu-Jona-Lasinio model, we introduce a mechanism for
generating the dynamical breaking of chiral symametry. This model fixes the quark mass
and removes the madel dependence inherent in the simple hnear o model, and also gives

a description of the internal 97 momentum distribution of the pion.

The myy amplitude (M, ) is calculated [rom the triangle dingrams shown in Fig.l.
In the simple linear & model, these diagrams can be expressed in terms of the Feynman

parameterized integral ®
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where ki{ky) and €;(e;} are the four momentum and polarization of photon 1(2). Ve
assume that the fermion has an effective charge € = n (el ~ €3} and mass m. Here, p
is the four momentum of the pion [p? = (k, + k2)? = m? = (138Mel”)?|, and g is the

coupling constant of the fecmion field with the x and ¢ mesons: £,,, = g@'(a Fryim)w.

The amplitude for two-photen decay can be obtained from Eq. (!} using the real

photon conditions k} = k] =0,
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where o = . The retation r = g f, {the Goldberger-Treiman relation to lowest order” in
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the linear & model), and the soft pion hmit, O i{;ﬂ—;) -— 0, are used to obtain the secand
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equality. This gives the decay width [, = .—‘:%—';;E = 7.8eV, which is independent of
the fermion mass m. (The next order correclion is ~ Cf #%,). This would be larger Lhan
1 if the current quark masses were used for the [ermion, but with conslituent masses it is
small.) The 1°7% — y form factor, F,,(¢?}, is oblained by inserting k= (-9 = -Q?
{an iucoming virlual photon in initial state) and il = [pr+ q) = 0 (a real photon in the

Gial state} inle Eq. (1} and omitting £,
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The numerical result is shown in Fig. 2a for m = 100,200 and 300MeV, where ¢ = m/ f.
hias been used again. Nate that Lhe result with m = 200 MeV agrees with the experimental
data, and this mess scale is consistent with the sofl pion approximation, O{ #L.:;i'] < 1,
used in the calculation of two photon decny width., However, this simple linear o madel
form factor is quile sensitive to the size of Lhe fermion mass, and & more fundamental

calculalion requires that we find some other way to fix this mass.

‘To accompolish this, we introduce a mechanism for generating the quark mass, and
relating it to the momentum distribulion of the pion. The medel, a generalization of the
Nasnbu-Jona-Lasinio (NJL} model,? employs a covatiant, separable form for the quark-
antiquark {q7) interaction, with a single mass scale (A}.'? Such a separable [orm is fre-
quently used to treal the pairing problem in the BCS theory.!* The dynamical quark
mass which emerges from this model, and the ¢§ momentum distribution in the pion wave

function, are both related to the same parameters.

The Nambu-Jona-Lasinio { NJL} interaction is & contact interaction of the form vyt -
GUT - (y3THa )} wilh explicit chiral symmetry for the u- and d quarks. A momentum
cutoll is introduced with Ay sz = 0.7 ~ 1.0GeV'® to avoid the divergence of loop integrals

-caused by the conlact interaction. We modify this NJL interaclion by using 2 covariant

separable interaction, still keeping the essential aspects of the onginal model, Our nioded

interaction is

Vageay &' BY = g FIRZ) AR Wapley — (377 Jun(7° 12601 1)

where a funclion f{k?) {f(k™)] depends on the relative momentum, & |&']. of the g¢ pans
in the initial {final] stale, and we use a monopole function flk?) = 1/(k? -A?) with a scale
parameter A. Using Lhis interaclion, the Bethe-Salpeter (135) equation for tie bound staie

verlex lunclion is

. 'k , ,
Pan(k'ip} = '[(z‘;); Vap:s+ (K k)5, (K + g)rw'a-(k:l’ﬁa-s(k - ’:J (Nl

where Lthe quark propagator is S(p] = [p — mg — D(p?) 4 17", with my the conent
quark masa, and L(p?) the quark self energy. The solution for the pion (sl the pron
mass p? = m?2) has the form [(k;p) = N3 FLk?)x v, where A is the wave function
normelization determined by charge normalization, and the normalized flaver and color
wave [unclions are given by x; and ., respeclively. For a zero mass pion, p? == 0}, Eq. (5}

becomes

. . ik Fik?)
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where n; = 2 is Lhe number of quark flavors.
The quark self-energy, Z(p?), is given by the Schwinger-Dyson {5D)) equation
v d*k
2 —y r L]
Tk }7:-[(—-2”];‘-Pm3,h(k k)5S a0k),
. d'k my + L(k?)
=dn fk? [7_"_ S P L M N - T
! lg (1"}*!{ Vi e + S(E2)E (7
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Note thal in the chiral limit, i.e. mg =0, the equations for the quark sel-energy (7) and for
the mamentim distribution of the zero mass pion (6} are identical; if & nostrivial solution
of the quark wass Eq. {7) exists, so that £(p?) # 0 and a non-zero quark mass is generated,
then & zero 1mass pion must also exist with Lhe ¢F momentun: distribution F(k2}. For such
solutions Lo exist, Lthe coupling strength g > g., where the critical value is g, = 2r7A2

We now make Lhe assumption that the dynamical quark mass in the quark propagators
can he approximated by a constant, mean value, < T > M = my — mg. Furthermore,
since the pion bound state equation and the dynamical quark mass equation are identical
i the chiral limil, we can draw conclusions accurate Lo order :—“' from only one of themn
{whicl we choose to be the pion equation), insuring that all subsequent approximations are
consistent. To determine the parameters A and mg we calculated the weak decay constant
(f+) and the two-photon decay width (.0 ...} for severa! choices of these parameters.
Sume results are (A [Mel'}, mg [MeV]: fo [MeV|, To_,, [eV]) = (700, 200: 90.0, 11.0),
{700, 250: 105.0, 7.2), (700, 300: 121.2, 5.8), (400, 200: 75.1, 12.0), {400, 250: 89.3,
8.01), and (100, 300: 100., 5.6). Note that these observables are quite stable under smalt
variations of the parameters. The best fit is given by A = 4500 eV, my = 248MeV,
fa - 930NV, and [Mptengy = 7.74eV. [See Rel. 12 for more details!

The eigenvalue equation for the pion mess which lollows from Eq. (5} is

o Lk o, Am] + p? — 4k?
s [ 0 TP — mdfl{E+ 27—l ®

In the chiral himit, where p* = 0 and my = 0, this equation reduces to

) d'k 1
1 :41:1,9/ EE;Ff:(kz}m'

With the best choices, A = 450M eV and my = 248MeV, and using m, = 138.0Mf eV, the

(9)

coupling constaut obtained from {8) is g = 2.795 #?A?, Using this same coupling constant
me (9} gives the mean value < L >= M = 234 MeV. This gives a reasonable estimate for
the current quark mass, mg = 14 Mel',

As n test of our imethod, including our choice of parameters, Lhe pion charge form

factor obtained using our best sel of parameters is shown in Fig. 3. The agreement with
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experimental data is very good. The charge radius, ry, is found 1o be 0.740n. Additional
effects frum two-bedy interaction currents associated with the rank 1 separable interaction
are not included in Fig. 3, although it is found '? that the interaction current reduces the
form lactor about H{40)% al Q7 = 2{10)CeV /e,

The calculation of the 74y amplitude predicted by the generalized NIL maodel pre-
sented above differs from the simple sigma model result, Eq. (1}, primarily by the ap-
pearance of the BS vertex functions I'(k;p) at the wgg vertices in the Feynman triangle
diagrams shown in Fig. 1. These vertex functions contain the 97 momentum distribution

associaled with the pion structure. The amplitude can Le wrilten
Moy =Tk, 6y t kg, 62) + T — 2},

where

Tiky, ey 1 kyyeq) = —‘.NTT{Qqallf}ﬁ:

ky -k, P.s r
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This prediction for the 7*7® — + form factor is shown in Fig.2b. Excellent agreement with
the experimental data is obtained. For comparison, Fig. 2b also shows the monopole fit
used in the experimental analysis,

Our predictions are in remarkable agreement with the experimental data for bath
the charge and F,. form factors. The VMD model also works well for these two form
factors, even thaugh the vector mesons are far away from their mass shell at these space-
like momenta. VMD effects are not explicitly included in our calculations, but dualily‘.""
suggests Lhal the ¢§ contribution to the quark loop in Fig. 1 should give the zames resull
as the propagation of vector niesona when we are (ar from the meson pole.

In conclusion, we emphinsize thal while the #® — vy amplitude can be calculated in a

madel independent way in which any dependence on the quark mass can be removed, the
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Fig. |
‘Triangle diagrams for the 77y amplitude, where the solid line, wavy line

and double line are the fermion, photon and pion respectively.
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Fig. 2
The thearclical predictions and the experimental data’ for the 1 — oy Fie. 3
1g.
form factor, F.,.(Q@7), where Q7 = —~¢? > 0. (a) The calculntion with &
. N a3y e v
he lineat o model, Eq. (3), with m = 300McV (crosses), m = 200MeV The charge form factor of the pion, F.(@Q*). The solid line is the the-
(circles), m = 100M ¢V {diamonds). () The ceault of Lhis letter with the oretical result obtained with the present model (A = 450Mel” and
generslized Nombu-Jona-Lasinio model, Eq- {10), with A = 4500V’ m, = 248MeV'), and the experimental data are from Rel.16. The dashed
and mg = 248MeV . The dash line is the dipole fit? Lo the caperimental line is given by the Vector Meson Dominance model willi the pole mass
data, Fo {Q7) ~ 1/{QF + A?) with X = 748 + J0M eV, where Lhe charge of A = T48AfeV

radius is 0.65 £ 0.03fm.



