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Abstract

A relativistic quark model wave function of the pion is obtained from a fit to the exper-
imental data, including the charge radius, charge form factor and weak decay constant.
The results are quite stable for different choicesl'of quark mass. The two-photon decay
width of the neutral pion and the asymptotic form factor for the ¥* + #® — 4 transition

are estimated.



The structure of hadronic matter has beer studied using a variety of theoretical tech-
niques, the choice of which depends on the size of the system or the distance scales involved.
Single hadrons have been described by giving their quark wave functions. The “hard”
parts of these wave functions, for use at very high momentum transfer(short distance),
can be calculated from perturbative QCD(PQCD)(1]. The “soft”parts, which describe
the structure at long and intermediate distances, are modeled in a variety of ways[2-7].
Multi-nucleon systems have been successfully described by effective meson theories[8-9]
based on relativistic dynamics, in which the nuclear force is described by the exchange
of mesons. However, at short distances, when the nucleons overlap, it is not clear that
processes involving the exchange of mesons can be separated from the quark structure
of the nucleons (or mesons) themselves. To study such questions quantitatively, and to
understand how(or where) effective meson theories break down, we need simple models of
the quark structure of nucleons and mesons. Such models can be used, for example, to
calculate the strong-form factors which arise at the meson-nucleon vertices. They also can
be used to estimate both meson exchange and quark interchange processes in a consistent
manner.

In this work we present a model of the “soft” part of the pion wave function intended
for use in such a program. Instead of calculating the wave function from some specific
dynamical model of the confining potential, we chose to model the wave function directly.
We chose a fully covariant wave function of the Bethe-Salpeter type, with four adjustable
parameters. These parameters are adjusted to fit the charge radius(r2), the low-¢® region
of the charge form factor(F~(g?)) and weak decay constant(f,). The sensitivity of the
analysis to the quark mass is examined. We estimate the width of two-photon decay
(Tx, — 77) by using the pion wave function so obtained, and the asymptotic form factor
for the 4* 4+ #° —  transition in the e + 7° — e + - reaction is presented for comparison
with that given by PQCD.

Our model wave function has two characteristic features: (1) The momentum depen-
dence has a power-law behavior, with mass scales which can be adjusted to match the scale
of different physical processes. We believe this is more realistic than the Gaussian functions

frequently used. (2)The form is fully covariant, so that the wave functions can be boosted
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without any of the difficulties associated with non-relativistic models. In addition, angular
momentum is conserved and the relativistic spin structure of the hadron is easily studied,
which is not the case for light-cone wave functions. These features make it possible, in
principle, to use these wave functions as part of a combined relativistic phenomenology in
which long-range physics is described by a relativistic meson theory and the short-range
physics is described by a relativistic quark model.

The calculation starts with the following ansatz for the covariant wave function of the

pion.

¥(p, k) = D?if?) [A'r‘ + B'r"ﬁ] XeXf

= Sk + 50, B)sk - 1), (1)

where S(p) is the quark propagator with quark mass mg, I'(p, k) the mgg vertex function,
p the four momentum of pion, and k is the relative momentum of the gg pair. We use
the matrix representation for the relativistic ¢gg spin structure[10], and the pseudo-scalar
property of the pion is represented by v* and v°p with a mixing parameter (n A=1-19
and B = i’Z(M'c2 = 138.MeV is used). The momentum distribution of the g7 pair is given
by D(k?), for which the explicit functional form is given below. The overall normalization
(N') is determined by the charge normalization, and x. and xs are the color- and flavor-
wave functionst respectively.

The weak decay constant(fx) is given by the loop diegram(Fig.1), in which the ¢7
pair couples to the weak current, Jf, = —ig+y#(1 — +°) with t =3(m+im)(7 is the

Pauli spin matrix). Therefore,

Vifh = ~Tr{x*x5 Mr{xe} [ (g%fr{m _ 15)@(p,k)}, (2)



where Tr{x*x} } =1, Tr{x:}=/nc (nc=3) and &(p,k)= D(k [A-y + B-'ys;!a] This

gives

43\/111
fe = / @)t D(kz) Q

up to the absolute normalization(A). If we chose D(k?) to behave like ~ k™,(n > 4), the
integral in eq.(3) converges, and the asymptotic power counting of exclusive processes can
be expressed in terms of fy. In Ref.5, a nonrelativistic Gaussian wave function boosted to
the infinite momentum/light-cone frame is used to satisfy this condition, and the effect of
perturbative gluon exchange is estimated. In this work, we choose a product of monopole
functions, D(k?) = J]i_,[k* — A2, so that we can estimate the typical mass scales of
the physical processes from the sizes of cutoff masses(A;) in the wave function. (A two-
parameter model D(k?) = [k? — AZ][k? — A}], is also used for comparison.)

The low-g* region of the charge form factor, F*(g?), can be obtained by the impulse
diagram(Fig. 2 } through the use of the soft wave function in eq.(1),

F™(g")(p' + p)* = ML + MZ, (4)

where the invariant amplitude for the u-quark process is given by

= i [ {¥6 K -0 2 S - el ©

Here @, is the quark charge operator giving Tr{xIQ,x,} = ey (= 2/3), for the n*-case.
The amplitude(Mg ) with the d-quark coupling to the photon has the similar structure.
Explicit calculation of M, and M5 reveals the gauge invariant feature of this exclusive
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process. The normalization A is determined by F~(0)=1, and the charge radius is given
by r2 = -—Glim‘,:_.oa%F'(qz).

The analysis of our model wave function is performed with several different values of
the quark mass(mgc? = 10,100,300 and 400MeV), by x?-fitting to the static observables:
re = 0.66 £ 0.03fm, fx = 83 £ 0.5MeV and the charge form factor in the low-g? region
shown in the solid circles of Fig.3{11]. The results are presented in Table.1, in which one
observes a stability under the change of the quark mass. This is due to the fact that
the dependence on the quark mass exactly cancels with the normalization constant in the
charge form factor: It can be shown that F*(q?) = N*[4m AB + A* + B*m?]f(q?, Ai),
where the quark mass (m,) does not appear in the momentum dependence, flg?, A:),
therefore N2 = {{4m AB + A% + B?m}]f(¢* =0, A:)}~!. The weak decay constant,eq.(3),
depends on the quark mass only through the normalization factor.

The second observation from our results is that the wave function with the cutoff
masses of Ay ~ 0.74fm™1, Az ~ 3.2fm™" and As ~ 3.6fm™1 reproduces the correct sizes
of charge radius and charge form factor as well as the weak decay constant. (A similar
result is obtained by the two-parameter model with A, ~ 0.65fm~! and Ay ~ 2.3fm™%;
though, an extra cutoff, A ~ 3 — 4fm™1, is needed to avoid the logarithmic divergence
of the weak decay constant. This scale of the cut-off mass seems to be consistent with
the NJL model[3,4].) It is found that the charge radius and/or the low-g* behavior of
charge form factor are controlled by the smaller cutoff mass (A;): A test anslysis with
the reference data of a “smaller pion” ( 7 = 0.4 & 0.05fm and fx = 93 + 0.5MeV)
results in A; = 1.46fm~1, A; = 3.3fm™1, Ay = 3.6fm=1, 7 = 0.09, fx = 92MeV and
r, = 0.42fm. Vector meson dominance model is a successful hadronic description in the
low energy domain. Vector meson process could be extracted by projecting the quantum
pumbers of vector mesons from the photon-quark vertex in Fig.2.

The two-photon decay width of the neutral pion, 52, ., = 7.57+ 0.3eV[12], has been
evaluated with the triangle disgram(13] by assuming the point-like pion to be coupled to
a fermion-antifermion pair. The importance of the axial anomaly has been extensively
discussed[14]. It is tempting to estimate this observable by using our pion wave function,

which reproduces the right size of the pion charge radius. The decay width is expressed
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1 1
I‘.o_.z-,-, = 5_2;__ z lM(P,q¢,QL)|2, (6)

M= (‘.l‘b)

where the invariant amplitude is calculated from the triangle diagram (Fig.4),

M(p,ga,q) = iTr{QqQqx} }Tr{xXc}

[ b re{ [swrste+ 2 - atte) + la15(e+ § - ad®)] etork)}

I |
-

= —4Bi/n.| 7 ]e"‘s’""ea(a)cp(b)z,,py. (8)

Here €,(a), eg(b) are the polarizations of the two photons(a,b), and e*##* is the antisym-

metric tensor. The integral Z, is given by

z, &dr N [ k—qla [k + glu

=] @ D) (k- —m2  (k+g)*-mi]’

()

where ¢=3(ga — @)- The pumerical results are presented in Table.l for each quark mass.
One observes the dependence: on the quark mass, which is due to the quark propagation
between the photon emissions in the diagram. A similar diagram provides the transition
form factor for the 42 + 71° — 73 process, and this process has been recently considered in
a nuclear target[15]. We evaluate the asymptotic behavior of this form factor to compare

with the PQCD result up to the absolute normalization. The form factor is defined(1] by
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M* = i€’ Frq(g3) €77 po €,(b) go(a), (10)

where p,, g(a) = g and e(b) are the momenta of the real pion, a virtual photon(a) and the
polarization vector of a real photon(b) with momentum g in the final state, respectively.

The inveriant amplitude is given by

M* = 4BiTr{QeQex} }Tr{xc}e"* pue,(b)

LI 52 EL0 (53 EX 5PN e
(

“] @ D) [(F+ B+ g —-m2)  (k+2-aff-m2))

The integral in eq.(11) becomes ;‘E[E + galo J (—;’%zp—ﬁq in the g2 — oo limit due to the
rapid convergence of D(k?) and with the real photon condition g2 =(p+g) =0 We
thus have the asymptotic expression,

le2-€3] _ 168  d'k N

‘ Y= : 12
hqu—mFl"r(q ) ‘\/E \/Ec qz (27!')4 D(kz) ( )

By employing eq.(3), one finally obtains the expression,
lim 3o Far(2) = 12 (13)

3¢’

The results of our calculations can be summarized as follows:
(1) The pion charge radius and form factor in the low energy region (@ <2GeV?/c?) are
well reproduced(x?/data ~ 0.5) by our covariant quark model. The momentum distribu-
tion of the ¢g wave function is given by D(k?) = TIio,[k?— A2} with Ay ~ 0.74fm™" , Ay ~
3.2fm™1 and Ay ~3.6fm1.



(2)Dependence on the quark mass is shown to be quite stable in the analysis, but more
rapid dependence is found in the estimation of two-photon decay width , I'x, vy -
(3)The asymptotic behavior of the y*+#° — 7 transition form factor is expressed in terms
of f«. This is a similar results to the one given by PQCD(Fpy(g2) = 2%:;)[1].

We conclude from the analysis that a covariant parametrization of the ¢ wave function
provides a useful way to model the low-energy character of the pion. The asymptotic result
for ¥* + x° — « form factor is, up to the absolute normalization, equivalent to PQCD.

A more complete model, including all the possible spin structures[10] 7%, %8, v°¥, and
~5[#, ¥]- could improve the results of I'x, vy and would change the coefficient of eq.(13).
The effect of perturbative gluon exchange is calculated in a subsequent paper[16], which
predicts results similar to those obtained in the light-cone frame(5]. Finally, we emphasize
the strong advantage of using a covariant wave function for its clear connections to the
relativistic field theory of hadrons.
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Figure captions

1
The Feynman diagram for the weak decay of the pion. The solid loop
and dotted line stand for the quark line and weak current, respectively.

2
The impulse diagram of the pion charge form factor, where the wavy

line denotes the virtual photon with momentum, g.

3

The pion charge form factor (Q? = —g?), where the data are taken from
Ref.[11], and the solid circles are used in the fit. The solid line is the
result of this analysis with mgc? = 300MeV, and the parameters are
given in the Table.l. The results with the two parameter model are
shown for comparison, where the dashed line (A. = 0.65fm™1, Ay =
2.32fm=1) and dotted-dash line (A; = 0.90fm™',A, = 1.55fm™") are
fitted to the charge radius(ry = 0.66fm).

4
Triangular diagrams of the two-photon decay process, where the wavy

lines are real photons.



Table captions

Table 1
The results of the present analysis, and the results for the two-photon
decay width.
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mec{MeV] A[fm=')  Aj[fm-1]  Aslfm7}] n re[fm] fxiMeV] x?/Data Tye_3,leV]

10 0.74 3.19 3.62 0.075 0.64 92.6 0.50 3.48
100 0.74 3.18 3.68 0.083 0.64 92.8 0.52 2.85
300 0.74 3.11 3.76 0.098 0.64 92.8 0.53 1.44
400 0.74 3.12 3.60 0.112 0.64 g2.8 0.54 1.11




